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In this paper, a novel approach for resolution of the Abraham-Minkowski debate is proposed, in which the principle of 
relativity is used to uniquely determine the light momentum formulation for a plane wave in a moving non-dispersive lossless 
isotropic uniform medium.  It is shown by analysis of the plane-wave solution that, (1) there may be a pseudo-power flow when a 
medium moves, and the Poynting vector does not necessarily denote the direction of real power flowing, (2) Minkowski’s light 
momentum and energy constitute a Lorentz four-vector in a form of single photon or single EM-field cell, and Planck constant is 
a Lorentz invariant, (3) there is no momentum transfer taking place between the plane wave and the uniform medium, and the 
EM momentum conservation equation cannot be uniquely determined without resort to the principle of relativity, and (4) the 
moving medium behaves as a so-called “negative index medium” when it moves opposite to the wave vector at a faster-than-
dielectric light speed.  It is also shown by analysis of EM-field Lorentz transformations that, when a static electric (magnetic) 
field moves in free space, neither Abraham’s nor Minkowski’s formulation can correctly describe a real electromagnetic 
momentum; as an application of this principle, the classical electron mass-energy paradox is analyzed and resolved.  Finally, a 
general EM momentum definition is proposed, and according to this new definition, the traditional “Abraham-type” and 
“Minkowski-type” momentums in the dispersion wave-guiding systems, such as regular dielectric-filled metallic waveguides, are 
found to be included in the same momentum formulation, but they appear at different frequencies. 
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I. INTRODUCTION 
The momentum of light in a medium is a fundamental 
question [1-40].  Maxwell equations support various forms of 
momentum conservation equations [4,5,11,18,23].  In a sense, 
the construction of electromagnetic (EM) momentum is artificial 
or even “arbitrary” [11], which is a kind of indeterminacy.  
However it is the indeterminacy that results in the question of 
light momentum.  For example, in a recent Letter by Barnett 
[19], a total-momentum model is proposed to support both 
Minkowski’s and Abraham’s formulations of light momentum: 
one is canonical, and the other is kinetic, and they are both 
correct [20].  
Clearly, it is an insufficiency of existing theories [11,19,22] 
that the light momentum cannot be uniquely determined.  For 
example, according to the existing theories the momentum of a 
specific photon in a medium, observed in the medium-rest frame, 
could be Abraham’s or Minkowski’s [19,22], or even 
“arbitrary” [11]; thus leading to the momentum not having a 
determinate value.  Such a result does not make sense physically.   
On the other hand, the existing theories are not self-consistent 
in calculation results.  For example, in the dielectric medium 
Einstein-box thought experiment Barnett concluded in his Letter 
that the photon in the medium behaves as Abraham’s 
momentum because Minkowski’s momentum “would be at odds 
with Newton’s first law of motion” [19], while some others 
concluded that “the Abraham momentum is not uniquely 
selected as the momentum of light in this case” [22]. 
The above indeterminacy in the existing theories can be 
excluded by imposing physical conditions, just like the EM field 
solutions are required to satisfy boundary conditions.  Such a 
physical condition is the principle of relativity: The laws of 
physics are the same in all inertial frames of reference.  That 
means that there is no preferred inertial frame for descriptions 
of physical phenomena.  For example, Maxwell equations, 
global momentum and energy conservation laws, and the 
principle of Fermat are all valid in any inertial frames, no matter 
whether the medium is moving or at rest, and no matter whether 
the space is fully or partially filled with a medium. 
One might insist that the medium should define a preferred 
frame of reference so that there is absolutely no reason why the 
Fermat’s principle is valid in all inertial frames.  However in 
this paper, the principle of relativity is taken as a fundamental 
hypothesis no matter with or without the existence of a medium. 
The momentum of light in a medium can be described by 
single photon’s momentum or by EM momentum.  For a plane 
wave supported by the uniform medium without any dispersion 
[24,30] and losses, the phase function characterizes the 
propagation of energy and momentum of light.  (1) The light 
momentum is parallel to the wave vector, and (2) the phase 
function is a Lorentz invariant (confer Sec. IV).  As physical 
laws, according to the principle of relativity, the above two 
basic properties are valid in any inertial frames.  From this we 
may expect that the light momentum and energy must constitute 
a Lorentz covariant four-vector. 
The uniform-medium model is the simplest physical model 
that can be strictly treated mathematically in the Maxwell-
equation frame; however, the physical results obtained are 
fundamental in understanding the physics of light momentum.  
For example, the Lorentz transformation of photon density in 
the isotropic-fluid model treated by sophisticated field-theory 
approach [33, Eq. (100)] is exactly the same as that in the 
uniform-medium model [34, Eq. (44)]. 
The uniform-medium model has a basic assumption that the 
dielectric parameters ( HB=µ  and ED=ε ) are taken to be 
real scalar constants observed in the medium-rest frame (confer 
Sec. IV).  This assumption is widely used in textbooks of 
electromagnetism and literature [10,12,19]; however, this 
assumption never means the uniform medium to be a “rigid 
body”, because all atoms or molecules in dielectric materials 
used as a uniform medium are always in constant motion or 
vibration.  In fact, the uniform-medium model is strongly 
supported by the well-known relativity experiment, Fizeau 
running-water experiment, where the refractive index of the 
running water in the water-rest frame is a constant. 
One might challenge the validity of the argument of “light 
momentum is parallel to the wave vector”, especially when 
observed in the frames of motion relative to the medium-rest 
frame, where the moving isotropic medium behaves as being 
anisotropic.  In fact, this argument can be easily understood 
through the property of light propagation and the Lorentz 
invariance of phase function.  Conceptually speaking, the 
direction of motion of photons is the direction of the light 
momentum and energy propagation.  The phase function defines 
equi-phase planes of motion (wavefronts), with the wave vector 
as the normal vector.  From one equi-phase plane to another 
equi-phase plane, the path parallel to the normal vector is the 
shortest.  According to Fermat’s principle, light follows the path 
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of least time.  Thus the direction of motion of the photons must 
be parallel to the wave vector, and so must the light momentum.  
Since the phase function is Lorentz symmetric, this property of 
light momentum must be valid in all inertial frames.  In short, 
the form of the phase function [confer Eq. (5)] requires the light 
momentum to be parallel to the wave vector, while the Lorentz 
invariance of the phase function insures the universal validity of 
the light-momentum property. 
In this paper, by analysis of a plane wave in a moving 
uniform medium, it is shown that, Minkowski’s light 
momentum is parallel to the wave vector in all inertial frames, 
and the momentum and energy constitute a Lorentz four-vector, 
while Abraham’s momentum does not have such properties.  
Thus if the Abraham’s momentum is taken as the correct light 
momentum [19] or an EM momentum postulate [16], an 
unfavorable physical consequence has to be faced: the global 
momentum and energy conservation laws, which are 
fundamental postulates in physics [23], are broken [40].  Fizeau 
running water experiment is re-analyzed as a support to the 
Minkowski’s momentum.   
The photon momentum-energy four-vector is constructed 
based on invariance of phase and Einstein’s light-quantum 
hypothesis, while the EM momentum-energy four-vector is 
“classically” constructed based on the covariance of EM fields; 
the latter, when imposed by Einstein’s light-quantum 
hypothesis, is restored to the former. 
In this paper it is also shown for the plane wave that, (a) there 
may be a pseudo-power flow when a medium moves, and the 
Poynting vector does not necessarily denote the direction of real 
power flowing; (b) the moving medium behaves as a so-called 
“negative index medium” [41-44] when it moves opposite to the 
wave vector at a faster-than-dielectric light speed [45].  The 
physical implication of the puzzling “negative frequency” 
appearing in the superluminal medium, which results in the 
question of invariance of phase [45,46], is elucidated. 
Some simple examples are given to show: When static 
electric or magnetic field moves in free-space, there must be 
pseudo-momentum appearing, and neither Abraham’s nor 
Minkowski’s momentum can correctly describe the real EM 
momentum.  As an application of this principle, the classical 
electron mass-energy paradox is analyzed and resolved.   
Finally, in terms of the traditional understanding of the 
momentum equal to mass multiplied by velocity (p = mv) in 
Newton classical mechanics and the analysis of various simple 
but basic forms of EM fields, a general EM momentum 
definition is introduced.  From this new definition, it is found 
for the first time that the traditional “Abraham-type” and 
“Minkowski-type” momentums can be included in the same 
momentum formulation for dispersion wave-guiding systems, 
such as the regular dielectric-filled metallic waveguides, where 
finite transverse dimensions result in the dispersion of EM 
momentum, thus leading to “Minkowski-type” momentum 
appearing at high frequency while “Abraham-type” momentum 
appearing at relatively low frequency. 
The paper is organized as follows.  In Sec. II, invariant forms 
of basic physical quantities for a plane wave in a moving 
uniform medium are defined based on invariance of phase, such 
as refractive index, phase velocity, and group velocity.  In Sec. 
III, single photon’s momentum is analyzed.  In Sec. IV, by use 
of the plane-wave field solution, EM momentum of light and 
“negative index medium” effect are analyzed.  Finally in Sec V, 
some conclusions and remarks are given.  Resolution of the 
classical electron EM mass-energy paradox is presented, and a 
general EM momentum definition is proposed. 
II. REFRACTIVE INDEX, PHASE VELOCITY,  
AND GROUP VELOCITY  
In this section, invariant forms of refractive index, phase 
velocity, and group velocity are defined based on invariance of 
phase for a plane wave in a moving uniform medium.  An 
unconventional analysis of the relation between the group 
velocity and Poynting vector is given. 
According to the principle of relativity [47-51], no matter 
whether the space is partially or fully filled by dielectric 
materials and no matter what kinds of dielectric properties the 
filled materials have, all inertial frames are symmetric for 
descriptions of physical laws.  To insure the symmetry the time 
and space must follow Lorentz transformations which are 
independent of the existence of materials, and so do the EM 
fields to keep Maxwell equations invariant in form.   
Suppose that the frame ZYX ′′′  moves with respect to the lab 
frame XYZ  at a constant velocity of cβ , with all corresponding 
coordinate axes in the same directions and their origins 
overlapping at 0=′= tt , as shown in Fig. 1. 
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Fig. 1.  Two inertial frames of relative motion.  ZYX ′′′  moves with 
respect to  at , while XYZ  moves with respect to XYZ cβ ZYX ′′′  at 
cβ′  (not shown), with ββ −=′ .  Note:   is the four-vector 
describing the motion of 
),( γγβ
ZYX ′′′ , while ),( γγ ′′′β  with γγ =′  is the 
four-vector describing the motion of ; thus  and XYZ ),( γγβ ),( γγ ′′′β  
are not the same four-vector, which is an exception in this primed-
unprimed symbol usage. 
 
The Lorentz transformation of the time-space four-vector 
 is given by [47] ),( ctx
tc ′′−′′⋅′−+′= ββxβxx γβ
γ )(1
2 ,  (1) 
)( xβ ′⋅′−′= tcct γ .   (2) 
where c is the universal light speed, and  is the 
time dilation factor.   The EM fields E and B, and D and H 
respectively constitute a covariant second-rank anti-symmetric 
tensor  and , of which the Lorentz 
transformations can be written in intuitive 3D-vector forms, 
given by [47,48] 
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The quantities , , , and  are 
Lorentz invariants [49], and from Eq. (3-2) and Eq. (4-2), we 
directly know that the energy-density difference between 
electric and magnetic fields, given by 0
BE ⋅ 22 )( cBE − HD ⋅ 22)( HD −c
)(5. HBDE ⋅−⋅ , is also 
a Lorentz invariant [49]. 
Refractive index and its Lorentz transformation.  Suppose 
that there is a plane wave propagating in the medium-rest frame 
ZYX ′′′ , and the plane wave has a propagation factor of 
, where the phase function is given by 
d
)exp( Ψ′i
xkx ′⋅′′−′′=′′Ψ′ ntt ω),( , with ω′   the angular 
frequency, dn  the wave vector, 
)0(>
k′′ cω′=′k  required by wave 
equation, and dn  the refractive index of medium.  It is seen 
from Eqs. (3-1) and (4-1) that the phase function 
0>′
),( txΨ  for 
this plane wave observed in the lab frame XYZ must be equal to 
 (confer Sec. IV), namely invariance of phase.  Thus 
we have  
),( t ′′Ψ′ x
xkxk ′⋅′′−′′=⋅−=Ψ dd ntnt ωω ,  (5) 
where d  is the wave vector in the lab frame, with dn  the 
refractive index and 
kn 0>
cω=k .  Note: ω  can be negative 
[45,46].   
From the four-vector covariance of  and the 
invariance of phase, we conclude that 
),( tc ′′x
),( cnd ω′′′k  must be a 
Lorentz four-vector [50].  By setting the time-space four-vector 
 and the wave four-vector ),( ctX x=µ ),( cnK dµ , Eq. (5) 
can be written as µν(  with the metric 
tensor µνµν  [51].  Since 
µ
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a four-vector, the invariance of phase and the four-vector 
covariance of µK  are equivalent.   
From Eqs. (1) and (2) with dn  and x'k →′′ tcc ′→′ω , we 
obtain ),( cnK d
µ .  Setting ωk= kkn ′′′′=′ dd nnˆ  as the unit 
wave vector we have 
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From Eq. (6) and the Minkowski-metric-expressed dispersion 
equation 
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we obtain the refractive index in the lab frame, given by 
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From above Eq. (9), we see that the motion of dielectric medium 
results in an anisotropic refractive index.   
It is worthwhile to point out that, the Minkowski-metric 
dispersion relation Eq. (8) can be easily shown to be equivalent 
to the Gordon-metric dispersion relation νµ
µν  [22], 
where the well-known Gordon metric is given by 
, with 
0=Γ KK
νµµνµν BBng d )1(
2′−−=Γ ),(4 γγµµ β=′∂∂= XXB  and 
cKKB ωµ 4  (see Attachments-I and II).  However the 
Minkowski-metric dispersion relation is much simpler and more 
intuitive.  [Note: (1)  is the normalized four-
velocity of the medium-rest frame 
µ ′=′=
),( γγµ β=B
ZYX ′′′  observed in the lab 
frame XYZ , but when observed in ZYX ′′′ , is 
Lorentz-transformed into ; confer Fig.1.  (2) 
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)1  ,(0=′µB
cKBKB ωµµµµ  means the Lorentz invariance of the 
scalar product , but it never means that 
′=′′=
µ
µ KB cω′  is also a 
Lorentz invariant.]  
Phase velocity and photon’s propagation velocity.  It is 
seen from Eq. (5) that the phase function is symmetric with 
respect to all inertial frames, independent of which frame the 
medium is fixed in; accordingly, no frame should make its phase 
function have any priority in time and space.  From this we can 
conclude: the definitions of equi-phase plane and phase velocity 
should be symmetric, independent of the choice of inertial 
frames.  Thus the phase velocity can be defined as 
nnn
k
β ˆ ˆˆ cβ
n
c
n
c ph
dd
ph === ω
ωω ,  (10-1) 
leading to 
0=⋅− cn phd βkω ,   (10-2) 
where kkn dd  is the unit wave vector in the lab frame, 
and  and µ
nn=ˆ
cphβ K  are related through ) ,( cnK d
µ  ωk=
),()( 22 dphd .  Note: the definition of the phase 
velocity ph  is based on the wave four-vector 
µ
ncccn βω=
β c K , while the 
velocity definition of a massive particle is based on the time-
space four-vector µX .  Because the phase velocity phβ  is 
parallel to dn , which is a constraint, it cannot be used to 
construct a “phase velocity four-vector”. 
c
k
At first sight, one might conjecture that )  ,( ccphph βγ  could 
be the “phase velocity four-vector”, with phph ; 
however, on second thoughts one may find that it is not true 
because phph
2/12 )1( −−= βγ
β )  ,( ccγ  and ),()( 22 dphdµ  cannot 
satisfy Lorentz transformations at the same time. 
ncccnK βω=
From Eq. (5), the equi-phase-plane (wavefront) equation of 
motion is given by constnt d , with n  as the unit 
normal vector of the plane, leading to 
=⋅− xnk ˆω ˆ
0)(ˆ =⋅− dtdnd xnkω .  
Comparing with Eq. (10-1), we obtain nxnβ ˆ)(ˆ dtdcph ⋅= .  
Thus we have a physical explanation to phβ : the phase velocity 
is equal to the changing rate of the equi-phase plane’s distance 
displacement 
c
)ˆ(ˆ xnn d⋅  over time , and it is the photon’s 
propagation velocity.  Obviously, this photon-velocity definition 
is consistent with the Fermat’s principle in all inertial frames: 
Light follows the path of least time.   
dt
In general, dtdx  with ∞<≤ dtdcph  in the expression xβ
nxnβ ˆ)(ˆ dtdcph ⋅=  is undetermined unless a definition is given.  
If ctdd phβx ′=′′  is assigned in the medium-rest frame, we call 
dtdxu ≡  the photon’s apparent velocity (also known as “ray 
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velocity” in textbooks [52,53]; “apparent” here means “look like 
but not necessarily real”), with u ),( cuγ  its four-velocity.  Thus 
 is form-invariant in all inertial frames.   nunβ ˆ)ˆ( ⋅=cph
From the equi-phase-plane equation d constnt =⋅− xkω  
d 0=⋅−⇒ uknω nunβ ˆ)ˆ( ⋅=⇒ cph , we have introduced the 
photon’s apparent velocity u .  The appearance of u  comes 
from the fact: the photon real velocity is the phase velocity 
ph , which is defined based on the wave four-vector 
µcβ K  
instead of the time-space four-vector µX .  From this it follows 
that, when using the time-space coordinates to describe the 
motion of a photon, the space coordinates may not reflect the 
photon’s real location, resulting in an illusion.  Thus there must 
be a conversion between the photon’s apparent and real 
locations.  This conversion is governed by the photon’s real-vs-
apparent velocity equation .  From it we have 
photon , where phphoton∆  is the photon’s 
real displacement and  is its apparent displacement, as 
shown in Fig. 2.  Note:  is a four-vector while 
photon  is not, except for in free space, where the 
“dielectric property” of vacuum medium is symmetric, and the 
Poynting vector is always parallel to the wave vector in all 
inertial frames. 
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From the definitions of u  and , two conclusions can 
be drawn.  (1) 
photonx∆
emWSu = , with  the Poynting vector 
and em  the EM energy density [see Eq. 
(III-24) of Attachment-III].  
HES ×=
)(5.0 HBED ⋅+⋅=W
emS  is the so-called “energy 
velocity” traditionally [53], and it is equal to the phase velocity 
in the medium-rest frame, but it is larger than the phase velocity 
in general in the lab frame.  (2) Photon’s Minkowski angular 
momentum conservation.  Photon’s momentum is given by 
dh  [confer Eq. (14)].  Without loss of generality, suppose 
that the photon is located at  when 
W
n k
0=′= xx 0=′= tt .  Thus 
we have photonnx , and 
dphoton , namely the photon’s angular momentum is 
conservative in all inertial frames. 
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Fig. 2.  Photon’s real and apparent displacements.  The photon 
propagation velocity is the same as the phase velocity.  From Fermat’s 
principle and the principle of relativity, when a photon together with its 
associated equi-phase plane moves from A′  to B′  along the unit wave 
vector  in the medium rest-frame, it moves from A to B observed in 
the lab frame.  However because the time-space coordinates may not 
reflect its real location, resulting in an illusion, the photon looks like 
having moved to C in terms of the time-space Lorentz transformation.  
Thus the photon’s real displacement photon  only can be converted 
from its apparent displacement  through , and 
the phase velocity is related through 
nˆ′
x∆
x∆ nxnx ˆ)ˆ( ∆⋅=∆ photon
nunxβ ˆ)ˆ( ⋅== dtdc phot nph , 
where 
o
dtdxu ≡  is the photon’s apparent velocity, with 
 in the medium-rest frame.  Note: photonphnu ˆ)/( ′′=′ dnc c xβ ∆//  and 
;  holds if  and  have the same direction.   xu ∆// xx ∆=∆ photon u cphβ
 
Group velocity and its relation with Poynting vector.  The 
classical definition of group velocity is given by 
)( kv dcgr n∂∂=− ω , defined in the ray-vector direction [48,52].  
In this paper we suggest a modified definition, given by 
knv dgr , defined in the wave-vector direction.  
Obviously, 
n∂∂= ωˆ
nvnv ˆˆ ⋅=⋅ −cgrgr
From Eq. (5), we know that the form-invariant definition of 
refractive index 
 holds between the two definitions. 
cnn dd ωk=  itself also defines a dispersion 
equation of 0)()( 22 =− cnn dd  for the plane wave.  From 
the modified definition 
ωk
knβv dgrgr nc ∂∂=≡ ωˆ , we obtain  
))((1 ωω ∂∂+= dd
ph
gr nn
cβ
v .   (11) 
Since the medium is assumed to be non-dispersive in the 
uniform-medium model, 0=∂∂ ωd  is valid.  Thus we have 
phgr
n
βv c= , namely the group velocity is equal to the phase 
velocity, parallel to the wave vector.   
As we know, for a plane wave in an anisotropic medium the 
wave vector and Poynting vector usually are not parallel.  It has 
been thought that the group velocity is parallel to the Poynting 
vector, instead of the wave vector, as shown in the classical 
electrodynamics textbook by Landau and Lifshitz [52]. 
The moving isotropic medium becomes an anisotropic 
medium, as seen in Eq. (9); however, the group velocity we 
obtained is phgr cβv = , parallel to the wave vector instead of the 
Poynting vector.  Obviously, this is not in agreement with the 
result in the textbook [52].   
Why do we have to modify the group velocity definition? 
From following analysis, we can see that there is some flaw in 
the classical definition.   
Following the Landau-Lifshitz approach in analysis of a plane 
wave in an anisotropic lossless medium, with the holding of 
0)()( =⋅−⋅+⋅−⋅ HBHBEDED δδδδ  taken into account for a 
moving non-dispersive uniform medium, from Maxwell 
equations we obtain emd Wn )( kS δδω ⋅= , where )( kdnδ  is an 
arbitrary infinitesimal change in wave vector, HES ×=  is the 
Poynting vector, and )(5.0 HBDE ⋅+⋅=emW  is the EM energy 
density.  From the mathematical definition of the gradient 
cgrdn −=∂∂ vk)(ω , we have gr )( kv dc nδδω ⋅=
)( kn
−  holding for an 
arbitrary dδ .  Comparing emd Wn )( kS δδω ⋅=
)( kv n
 and 
dcgr δδω ⋅= − , we have emcgrv − , namely the 
classical group velocity is equal to the “energy velocity 
WS=
emWS ” 
[53], parallel to the Poynting vector.  [Note: 0=⋅−⋅ EDED δδ  
and 0=⋅−⋅ HBHB δδ  cannot separately hold for the moving 
medium because the dielectric tensors are not symmetric unless 
the medium moves along the wave vector.] 
However there is a serious flaw for emcgrv WS=− , because 
cgr−  can be greater than the phase velocity v ph , which is not 
physical when considering the fact that all component waves 
with different frequencies in a signal have the same phase 
velocity in a non-dispersive lossless medium (confer Sec. IV).   
v
The modified definition knv dgr , which leads to  
phgr
n∂∂= ωˆ
βv c=  for a non-dispersive medium, has removed the 
above flaw, which is right the reason why the classical 
definition of group velocity must be modified. 
Since the modified group velocity Eq. (11) is always parallel 
to the wave vector dn  instead of Poynting vector, the Poynting 
vector does not necessarily denote the direction of power 
flowing; this is clearly confirmed from the strict EM field 
solutions given in Sec. IV [confer Eq. (36)].  
k
For a plane wave in an anisotropic medium, the dispersion 
equation is given by 0)()( 22 =− cnn dd , while the relation 
between the refractive index dn  and dielectric parameters is 
described by Fresnel’s equation [52], where  does not 
explicitly contain 
ωk
dn
kdn , because 0))(( =∂∂ kkk didd nnn  
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with , just like zyxi ,,= 0),,)(( =∂∂ rzryrxr  in spherical 
coordinate systems.  If there is a dispersion, dn  implicitly 
contains ω  through dielectric tensors, leading to 
grddd vnnn )( ω∂∂=∂∂ k ; if the medium has no dispersion, 
0=∂∂ ωdn 0=∂∂⇒ kdd nn . 
III. LORENTZ COVARIANCE OF MINKOWSKI’S 
PHOTON MOMENTUM AND ENERGY 
Minkowski and Abraham proposed different formulations of 
light momentums in a medium, which were both claimed to be 
supported by experiments [1-3,9,13].  Especially, the Abraham’s 
momentum was claimed to be strongly supported by a recent 
direct fiber-recoiling observation [13], although various 
explanations could be given [14,15,17].  For example, the 
recoiling could be resulting from the transverse radiation force 
because of an azimuthal asymmetry of refractive index in the 
fiber [17].   
In this section, single photon’s momentum in a medium is 
analyzed based on Einstein light-quantum hypothesis, and it is 
shown that the Minkowski’s photon momentum is strongly 
supported by four-vector covariance of relativity.  Fizeau 
running water experiment is re-analyzed as a support to the 
Minkowski’s momentum.   
For a uniform plane wave, observed in the medium-rest frame 
the electric field E  and magnetic field B  have the relation ′ ′
EnB ′×′=′′ ˆd  (confer Sec. IV).  Thus the Minkowski’s and 
Abraham’s EM momentum density vectors can be expressed as 
nc
nEDBDg ′′⋅′′=′×′=′ ˆ)(
c
nd
M ,   (12) 
nEDHEg ′′⋅′′=
′×′=′ ˆ)(1
2 cnc d
A .  (13) 
According to Einstein light-quantum hypothesis, the EM 
energy density  is proportional to the photon’s energy ED ′⋅′ω′h , while the momentum densities Mg  and A′ g′  are 
proportional to the photon’s momentum.  Thus from Eqs. (12) 
and (13), we obtain the photon’s momentum, cndpM ω′′=′ h  for 
Minkowski’s and )( cnp dA ′′=′ ωh  for Abraham’s. 
It is interesting to point out that the Minkowski’s photon 
momentum also can be naturally obtained from the covariance 
of relativity of wave four-vector, as shown below.   
Suppose that the Planck constant h  is a Lorentz scalar 
(confer Sec. IV).  From the given definition of wave four-vector, 
),( cnK d  multiplied by , we obtain the photon’s 
momentum-energy four-vector, given by 
ωµ ′′′=′ k h
),( cnP d ωµ ′′′=′ hh k ),( cE′′= p .  (14) 
In terms of the four-vector structure, p  must be the 
momentum; thus we have the photon’s momentum in a 
medium, given by 
′
cEnp d ′′=′ , that is right the Minkowski’s 
photon momentum. 
From the principle of relativity, we have the invariance of 
phase, from which we have the covariant wave four-vector. 
From the wave four-vector combined with Einstein’s light-
quantum hypothesis, we have the Minkowski’s photon 
momentum, which strongly supports the consistency of 
Minkowski’s momentum expression with the relativity.  
In the classical electrodynamics, Fizeau running water 
experiment is usually taken to be an experimental evidence of 
the relativistic velocity addition rule [47].  In fact, it also can be 
taken to be a support to the Minkowski’s momentum.  To better 
understand this, let us make a simple analysis, as shown below. 
Suppose that the running-water medium is at rest in the 
ZYX ′′′  frame.  Since the Minkowski’s momentum-energy four-
vector ),( cnd ω′′′ hh  is covariant, we have Eqs. (8) and (9) 
holding.  Setting 
k
nββ ′==′− ˆβ  (the water moves parallel to the 
wave vector), from Eq. (9) we have the refractive index in the 
lab frame, given by 
β
β
d
d
d n
n
n ′+
+′=
1
.    (15) 
Thus from Eq. (10-1), the light speed in the running water, 
observed in the lab frame, is given by 
⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
′−′+′≈= ddddph n
n
n
c
n
cc 11 ββ ,    for 1<<β  (16) 
which is the very formula confirmed by Fizeau experiment 
(confer Attachment-III).  When the water runs along (opposite 
to) the wave vector direction, we have 0>β  )0( <β  and the 
light speed is increased (reduced). 
The combination of Newton’s first law with Einstein’s mass-
energy equivalence [10-12] is an often-used argument to support 
Abraham’s photon momentum.  But Abraham’s photon 
momentum, smaller in dielectric than in vacuum, cannot be 
obtained from the wave four-vector in a covariant manner, and it 
is not consistent with the relativity.   
In the total-momentum model [19, Eq. (7)], Abraham’s and 
Minkowski’s momentums are, respectively, a component of the 
same total momentum.  When applying this model to analysis of 
the Einstein-box thought experiment [19], the total momentum 
is reduced into Abraham’s momentum observed in the medium-
rest frame.  Thus the compatibility of this total-momentum 
model with the special relativity is also called into question [40]. 
One might use different ways to define a photon’s energy in a 
medium.  In the medium-rest frame, the dispersion equation, 
directly resulting from second-order wave equation (instead of 
the invariance of phase), is given by [48] 
0)()( 22 =′′−′′ kdd ncn ω ,   (17) 
which actually is the definition of refractive index.  This 
dispersion relation is thought to be the characterization of the 
relation between EM energy and momentum, and the photon’s 
energy in a medium is supposed to be ω′′hdn  to keep a zero rest 
energy [48, Sec. 3.1a].  However it should be noted that, 
although Eq. (17) is Lorentz invariant in form, ),( cnn dd ω′′′′k  is 
not a Lorentz covariant four-vector, since only 
),( cnK d ωµ ′′′=′ k  is; except for 1=′d .  If using n
),( cnn dd ω′′′′ hh  to define the photon’s momentum-energy 
four-vector, then it is not Lorentz covariant. 
k
Thus it is justifiable to define ),( cnK dh  as the 
photon’s momentum-energy four-vector, as done in Eq. (14), 
because µ
ωµ ′′′=′ hhk
K ′h  is covariant, with Eq. (17) as a natural result.   
IV. NOVEL PROPERTIES OF A PLANE WAVE IN A 
MOVING UNIFORM MEDIUM 
In this section, we will show some novel properties, including 
the four-vector Lorentz covariance of Minkowski’s EM 
momentum and energy, for a plane wave in a moving lossless, 
non-conducting, non-dispersive, isotropic uniform medium, 
which is the simplest strict solution to Maxwell equations [48]. 
Suppose that the plane-wave solution in the medium-rest 
frame ZYX ′′′  is given by 
)exp()()( 0000 Ψ′′′′′=′′′′ iH,D,B,EH,D,B,E , (18) 
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where d )( xk ′⋅′′−′′=Ψ′ , with 0>′ω , and ( 0E 000 H,D,B, ′′′′ntω ) 
are real constant amplitude vectors.  ED ′′=′ ε  and HB ′′=′ µ  
hold, where 0>′ε  and 0>′µ  are the constant dielectric 
permittivity and permeability, with 22 cnd .  Thus 
 and  are, respectively, two sets of right-
hand orthogonal vectors, with 
′=′′µε
)ˆ,,( nBE ′′′ )ˆ,,( nHD ′′′
nBE ′×′′=′ ˆ)( d  and nc
DnH ′′×′=′ )(ˆ d
Inserting Eq. (18) into Eqs. (3-1) and (4-1), we obtain the 
plane-wave solution in the lab frame 
nc , resulting from Maxwell equations.   
XYZ , given by 
)exp()()( 0000 Ψ= iH,D,B,EHD,B,E, ,  (19) 
where  must hold for any time-space points, 
and are given by 
)exp()exp( Ψ′=Ψ ii
)( 0000 H,D,B,E
⎟⎟⎠
⎞
⎜⎜⎝
⎛
′
′′⋅′′−=⎟⎟⎠
⎞
⎜⎜⎝
⎛
0
0
0
0 )ˆ1(
H
E
βn
H
E
dnγ ⎟⎟⎠
⎞
⎜⎜⎝
⎛
′⋅′
′⋅′
⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′−−′′+
0
0
2
1ˆ
Hβ
Eβ
βn β
γγ dn , 
(20) 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
′
′
⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′⋅′′−=⎟⎟⎠
⎞
⎜⎜⎝
⎛
0
0
0
0 ˆ11
D
B
βn
D
B
dn
γ ⎟⎟⎠
⎞
⎜⎜⎝
⎛
′⋅′
′⋅′
⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′−−′′+ 0
0
2
1ˆ1
Dβ
Bβ
βn β
γγ
dn
. 
(21) 
Note: All quantities are real in Eqs. (20) and (21) and the 
transformations are “synchronous”; for example, 0  is 
expressed only in terms of 0E .  All field quantities have the 
same phase factor, no matter in the medium-rest frame or lab 
frame.  It is clearly seen from Eqs. (18)-(21), the invariance of 
phase, , is a natural result.   
E′
Ψ′=Ψ
In the following analysis, formulas are derived in the lab 
frame, because they are invariant in forms in all inertial frames.  
Although the fields given by Eqs. (18) and (19) are complex, all 
equations and formulas obtained are checked with complex and 
real fields and they are valid.  
Under Lorentz transformations, the Maxwell equations keep 
the same forms as in the medium-rest frame, given by  
t∂∂−=×∇ BE ,  ρ=⋅∇ D ,  (22) 
t∂∂+=×∇ DJH ,  ,   (23) 0=⋅∇ B
with  and 0J = = 0ρ  for the plane wave.  From above, we 
have  
EkB ×= dnω ,   and   HkD ×−= dnω ,  (24) 
leading to , namely the electric energy density is 
equal to the magnetic energy density, which is valid in all 
inertial frames. 
HBED ⋅=⋅
From Eqs (20) and (21), we can directly obtain some intuitive 
expressions for examining the anisotropy of space relations of 
EM fields observed in the lab frame, given by 
0ˆˆ =′⋅′=⋅ nDnD , , (25) 0ˆˆ =′⋅′=⋅ nBnB
222
2
)ˆ1()1(
))(1(ˆ
βn
βE
nE ′⋅′′−+−′
′⋅′−′=⋅
dd
d
nn
n
γ
γ ,  (26) 
222
2
)ˆ1()1(
))(1(ˆ
βn
βH
nH ′⋅′′−+−′
′⋅′−′=⋅
dd
d
nn
n
γ
γ ,  (27) 
and  
0=′⋅′=⋅ BEBE ,  0=′⋅′=⋅ HDHD , (28) 
))()(1( 22 HβEβHE ′⋅′′⋅′−′=⋅ dnγ ,  (29) 
))((11
2
2 BβDβBD ′⋅′′⋅′⎟⎟⎠
⎞
⎜⎜⎝
⎛
′−−=⋅ dn
γ ,  (30) 
EDβnβnED ′⋅′⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′⋅′′−′⋅′′−=⋅ ˆ
11)ˆ1(2
d
d n
nγ , (31) 
HBβnβnHB ′⋅′⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′⋅′′−′⋅′′−=⋅ ˆ
11)ˆ1(2
d
d n
nγ , (32) 
and  
BnnEnE ×−⋅= ˆˆ)ˆ( cβ ph ,   (33) 
DnnHnH ×+⋅= ˆˆ)ˆ( cphβ .   (34) 
It is seen from above that , , BE ⊥ nB ˆ⊥ HD ⊥  and nD ˆ⊥  
hold in the lab frame, but , , DE // HB // HE ⊥ , BD ⊥ , 
nE ˆ⊥ , and nH ˆ⊥  usually do not hold any more.  
Pseudo-power flow caused by a moving medium.  From 
Eq. (24), we obtain Minkowski’s EM momentum and Poynting 
vector, given by 
gr
d
d c
nn vEDkEDBD )(
2
⋅⎟⎠
⎞⎜⎝
⎛=⎟⎠
⎞⎜⎝
⎛ ⋅=× ω , (35) 
] )ˆ(  )ˆ(  )([ DEnBHnBDHE ⋅−⋅−×=× grgr vv , (36) 
where gr , with v nv ˆ⋅= grgrv  and dgr , is the group 
velocity obtained from Eq. (11) with 
ncv =
0=∂∂ ωd , which is 
equal to the phase velocity phβ , as defined by Eq. (10-1).  
Note: The Minkowski’s momentum 
n
c
BD×  has the same 
direction as the wave vector dn , while the Poynting vector k
HE×  has three components: one in -direction, one in B-
direction, and one in D-direction; the latter two are 
perpendicular to the group velocity . 
BD×
gr
We can divide the Poynting vector 
v
HES ×=  into two parts, 
pseupower SSS += , which are perpendicular each other, given by 
gremgrgrpower Wv vvEDBDS =⋅=×=  )()( 2 , (37) 
] )ˆ(  )ˆ( [ DEnBHnS ⋅+⋅−= grpseu v ,  (38) 
where  is associated with the total EM energy density powerS
)(5.0 HBED ⋅+⋅=emW  and the group velocity .   grv
power  carries the total EM energy moving at grv , and it is a 
real power flow.  pseuS  is perpendicular to the group velocity, 
and it is a pseudo-power flow.  According to Eq. (37), the 
energy velocity is supposed to be equal to the group velocity.  
S
The essential difference in physics between powerS  and pseu  
can be seen from the divergence theorem.  The divergence of 
 is given by 
S
powerS
] )[ cgrpower βEDS ⋅⋅∇=⋅∇  
0 )](cos)[( 200 ≠⋅⋅∇⋅= grdωt-n vxkED ,  (39) 
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which means that there is a power flowing in and out in the 
differential box, but the time average power , meaning 
that the powers going in and out are the same in average, with 
no net energy left in the box.  In contrast, u  holds for 
any time resulting from , , 
0=>⋅∇< S
S 0≡⋅∇ pse
0=⋅∇ B 0=⋅∇ D kB ⊥ , and 
kD ⊥ , which means that there is no power flowing at any time 
for any places.   
Since  and eu  are mutually perpendicular, powerS psS
cWW phempowerem  holds for pseuS .  If βSS => 0≠ emS  were 
defined as the group velocity or energy velocity [52,53], then 
the group velocity or energy velocity would be greater than the 
phase velocity, which is not physical because all component 
waves with different frequencies for a signal have the same 
phase velocity in a non-dispersive lossless medium.   
W
According to Eqs. (26) and (27), the pseudo-power flow pseuS  
vanishes in free space, or when the dielectric medium moves 
parallel to the wave vector .  n′ˆ
It is seen from above analysis that Poynting vector does not 
necessarily denote a real power flowing.  However such a 
phenomenon seems neglected in the physics community, in 
view of the fact that the Abraham’s momentum, defined through 
the Poynting vector, is taken as an EM momentum postulate, as 
proposed by Mansuripur and Zakharian [16]. 
In summary, we can make some conclusions for the power 
flowing.  (1) Observed in any inertial frames, the Minkowski’s 
EM momentum  is parallel to the wave vector [see Eq. 
(35)], which is completely in agreement with the Fermat’s 
principle and the principle of relativity, as indicated in the 
Introduction section.  (2) When a medium moves, the Poynting 
vector  consists of two parts: one is parallel to the group 
velocity, and it is a real power flow; the other is perpendicular to 
the group velocity, and it is a pseudo-power flow [see Eq. (36)]. 
BD×
HE×
Lorentz covariance of Minkowski’s EM momentum and 
energy, and invariance of Planck constant.  We have shown 
the Lorentz covariance of Minkowski’s photon momentum and 
energy from the wave four-vector combined with Einstein’s 
light-quantum hypothesis.  This covariance suggests us that 
there should be a covariant EM momentum-energy four-vector, 
given by 
),( cEP ememp=µ ,   (40) 
where em  and p em  are, respectively, the EM momentum and 
energy for a single “EM-field cell” or “photon”, given by 
E
p
em N
BDp ×= , 
p
em N
E ED ⋅= ,  (41) 
with Np the “EM-field-cell number density” or “photon number 
density” in volume.  The EM momentum-energy four-vector 
and wave four-vector are related through µµ ω KEP em )(= , 
with ωem
The four-vector 
E  corresponding to  physically.   h
),( cEP emem  is required to follow a 
four-vector Lorentz transformation given by Eqs. (1) and (2), 
while the EM fields must follow a second-rank tensor Lorentz 
transformation given by Eqs. (3-1) and (4-1), or Eqs. (20) and 
(21) for a plane wave.  From the four-vector Lorentz 
transformation of 
p=µ
µµ ω KEP em , with the invariance of 
phase  considered, we have 
)(=Ψ′=Ψ
00
00
ED
ED
′⋅′
⋅=′′ω
ω
p
p
N
N
.   (42) 
The above equation has a clear physical explanation that the 
Doppler factor of EM energy density is equal to the product of 
the Doppler factors of EM-field-cell density and frequency. 
From the second-rank tensor Lorentz transformation of 0D  
and 0  given by Eqs. (20) and (21), we obtain the 
transformation of EM energy density, given by 
E
[ ] ⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′⋅′′−′⋅′′−=′⋅′
⋅
βnβn
ED
ED ˆ11 )ˆ1(
00
00
d
d n
n γγ , (43) 
namely Eq. (31).  Comparing with Eq. (6), we know that 
)ˆ1( βn ′⋅′′− dnγ  is the frequency Doppler factor.  In free space, 
the above equation is reduced to Einstein’s result [50]: 
EβnE ′′⋅′−= )ˆ1(γ . 
Inserting Eq. (43) into Eq. (42), we obtain the transformation 
of EM-field-cell density, given by 
p
d
p Nn
N ′⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′⋅′′−= βnˆ
11γ .      (44-1) 
So far we have finished the proof of the covariance of 
),( cEemem  by resorting to a parameter of p , so-called “EM-
field-cell density”.  Actually, we do not have to know what the 
specific value of pN
p N
′  or p  is, but the ratio of N ppN N ′ , and 
),( cEP emem
µ  is pure “classical”, without Planck constant 
h  involved.  However, p  must be the “photon density” when 
Einstein’s light-quantum hypothesis is imposed. 
p=
N
Mathematically speaking, the existence of the covariance of 
),( cEP emem
µ  is apparent.  p= µP  and µK  are “parallel”, just 
different by a factor of )( ωem  which contains an introduced 
parameter  to make the transformation hold.   
E
p
It is seen from Eqs. (41) and (42) that 
N
)()()( ωω p  is a Lorentz invariant, and em NE ED ⋅= h=)( ωEem  holds when Einstein’s light-quantum hypothesis is 
imposed.  Thus the Planck constant h  must be a Lorentz 
invariant.  In other words, Einstein’s light-quantum hypothesis 
requires the Lorentz invariance of Planck constant for a plane 
wave.  Therefore, the construction of photon’s momentum-
energy four-vector, Eq. (14) in Sec. III, is well grounded. 
If a volume lightVd ′  in the medium-rest frame moves along the 
wave vector k′′dn  at the light speed )( d , then there are no 
photons that cross its boundary, and the photon number within 
light
nc ′
Vd ′  keeps constant.  In such a case, as shown in Fig. 3, the 
transformation of the moving volume, termed light volume, is 
given by 
⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′⋅′′−=
′
βnˆ11
dlight
light
ndV
Vd γ .   (44-2) 
Compared with Eq. (44-1), we find that  
lightplightp VdNdVN ′′=    (44-3) 
is a Lorentz invariant, namely the photon number in the light 
volume is Lorentz invariant.  Thus we have the total 
momentum-energy four-vector in the light volume, given by 
lightlightp dVcdVNP ),()( EDBD ⋅×=µ , (44-4) 
or 
∫∫
==
⋅×=
consttVconsttV
p
lightlight
dVcdVNP
  :  :
),()( EDBDµ . (44-5) 
The invariance of  implies that observed in any 
inertial frames, all the lightp  photons are frozen inside the 
light volume lightdV .  This result is completely in agreement with 
the argument of “light momentum is parallel to the wave vector” 
in all inertial frames, as stated in the Introduction section. 
lightpdVN
dVN
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Fig. 3.  Transformation of light volumes.  From the phase function 
d , we have ph , where the phase velocity 
ph  is also the photon’s real velocity and u  is the photon’s apparent 
velocity, with u  a four-vector.  The Lorentz transformation of 
light volumes must be performed with the help of u .  Suppose 
that a plane wave propagates along the unit wave vector n  in the 
medium-rest frame
xk ⋅−=Ψ ntω
β
uγ
uγ
nunβ ˆ)ˆ( ⋅=c
c
),( c
),( c
ˆ ′
ZYX ′′′ , which moves at  relatively to the lab 
frame .  On the equi-phase planes 1  and 2  1
cβv =
XYZ Ψ′ Ψ′ )( Ψ′≠ , observed 
at the same time, there are four photons A′ , B′ , , and DC ′ ′ , with 
DA ′′  and  parallel to ; thus the rectangle CB ′′ nˆ′ DCBA ′′′′  can be 
used to denote the light volume light  (upright hexahedron), moving at 
.  It is assumed that photon 
Vd ′
cphβu ′=′ A′  ( A ) is located at 0=′= xx  
when .  Observed in the lab frame XYZ , in terms of the 
time-space Lorentz transformation, 1D  instead of  corresponds to 
, and 1C  instead of C  corresponds to  although they remain on 
the same equi-phase plane, resulting in an apparent light volume 
11DABC
, moving at u .  However the principle of relativity requires 
that the real light volume must be the upright hexahedron lightdV , 
instead of the parallel-hexahedron 
11DABC
dV .  lightdV  and 11DABC  have the same bottom area and height, and their volumes are equal, namely 
11DABClight
.  Considering that 
1D
0=′= tt
D
D′ C ′
dV
dV
dVdV =
1ABCulightu
d dVV γγ =′′  is a Lorentz 
invariant, we have uulightlightd ′dV =′V γγ .  u  in  and 
u′  in 
),( cuγ
u′γ XYZ),( c ZYX ′′′  are the same four-velocity, and from Lorentz 
transformation we have  with )( uβ ′⋅′−= ′′ uuu cc γγγγ ββ −=′ ,  ⇒
)c1( uβ ′⋅′−= γγγ uu ,  ′ ⇒ )ˆ1( d . From this, we 
have 
uu n′′⋅′−=′ nβγγγ
)ˆ1( ndVVd ′′⋅′−=′ nβγ dlightlight , namely Eq. (44-2).  (Note that 
the direction of u  is exaggerated to show the difference between 
 and .) lightdV 11DABCdV 
 
Inserting Eq. (44-2) and Eq. (6) into Eq. (43), we have 
ωω ′
′′⋅′=⋅ lightlight VddV )()( EDED ,   (44-6) 
which is also a Lorentz invariant; namely the energy in a light 
volume and the frequency transform in the same law.  This 
result, which is obtained in the moving medium, is exactly the 
same as that obtained by Einstein in free-space [50].   
From above analysis, we can draw the following conclusions:  
(1) Minkowski’s momentum per unit EM-field cell,  
p , is Lorentz covariant, as the space component of the 
momentum-energy four-vector 
)(1 BD×−N
),(1 cNP p
−µ , just 
like the Minkowski’s photon momentum dh  is Lorentz 
covariant, as the space component of the momentum-energy 
four-vector 
EDBD ⋅×=
n k
),( cnP d ωµ hh k= .  When Einstein’s light-quantum 
hypothesis p  is imposed in the former, the two 
four-vectors become the same, namely 
ωh=⋅− ED1N
),(1 cN p EDBD ⋅×−  
),( cnd ωhh k= . 
(2) There are two forms of momentum-energy four-vectors: 
(a) the momentum and energy in a single EM-field cell or 
photon constitute a four-vector, namely ),(1 cN p  or EDBD ⋅×−
),( cnd ωhh k  is a four-vector, and (b) the total momentum and 
energy in a light volume constitute a four-vector, namely 
lightdVc),( EDBD ⋅×  is also a four-vector.  However, the 
momentum and energy densities themselves cannot directly 
constitute a four-vector, namely ),( cEDBD ⋅×  or 
),( cnN dp ωhh k  is never a Lorentz four-vector. 
(3) Planck constant is a Lorentz invariant, which is a strict 
relativistic result for the plane wave in a moving uniform 
medium. 
Indeterminacy of EM momentum conservation equations, 
and the issue of momentum transfer.  As we know, in the 
medium-rest frame the isotropic linear relations ED ′′=′ ε  and 
HB ′′=′ µ  hold.  However such relations do not hold in the lab 
frame because of the anisotropy of a moving medium.  Thus the 
stress tensor and momentum conservation equation in the lab 
frame only can be derived based on the invariance of Maxwell 
equations. 
From Eqs. (22) and (23), with  and 0=J 0=ρ  taken into 
account we have [47] 
)()()( EDEDBD ×∇×−⋅∇=∂
×∂
t
 
)()( HBHB ×∇×−⋅∇+ .   (45) 
Since 0=⋅∇ D , 0=⋅∇ B , , and  hold, we have nB ˆ⊥ nD ˆ⊥
Mt
TBD
t⋅−∇=∂
×∂ )( ,    (46) 
where the symmetric Minkowski’s stress tensor is given by 
)( EDIT ⋅= ttM ,    (47) 
with I
t
 the unit tensor.  Note: Eq. (46) is valid for both real and 
complex fields although only the real fields are physical. 
Eq. (46) is the Minkowski’s momentum conservation 
equation for a plane wave in a moving medium, and it is 
invariant in form in all inertial frames together with the 
Maxwell equations. 
Now let us take a look of the physical implication of the stress 
tensor.  Consider the EM momentum in a given dielectric 
volume.  From Eq. (46), using divergence theorems for a tensor 
and a vector, with =),( ED Ψcos),( 00 ED  inserted, we have 
∫∫∫∫∫∫∫ ⋅−=⋅−=×∂∂ )()( EDSTSBD dddVt M
t
  
∫∫∫∫∫∫ Ψ⋅−=⋅∇−= dVndV d ))(2sin()()( 00 kEDED , (48) 
resulting in 0)( =×∂∂< >∫∫∫ dVt BD , which means that the EM 
momentum density is a wave and its distribution varies with 
space observed at a given time; the EM momentums flowing in 
and out of a given volume are equal on time average.  In other 
words, there is no momentum transfer taking place between the 
plane wave and the uniform medium, and thus there is no force 
acting on the dielectric.  This also can be understood through the 
light-quantized Minkowski’s EM-field-cell/photon four-vector 
),(),(1 cncN dp
− , which characterizes that the 
momentum of a photon keeps constant during the propagation in 
the uniform medium.  This property can be used to explain why 
the momentum transfer only takes place on the vacuum-medium 
interface in the medium Einstein-box thought experiment for a 
light pulse [40]. 
ωhh kEDBD =⋅×
The construction of stress tensor is flexible; in a sense, it is 
artificial.  For example, 0)( =−−⋅∇ BHDE  and HBED ⋅=⋅  
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hold for a plane wave, and the Minkowski’s tensor can be re-
written in an asymmetric form [23] 
)(
2
1 HBEDIBHDET ⋅+⋅+−−= ttM ,  (49) 
which does not affect the validity of Eq. (46) and Eq. (48).  
Similarly, we can obtain the Abraham’s momentum 
conservation equation, given by 
Act
THE
t⋅−∇=×∂
∂ 2)( ,   (50) 
where the Abraham’s stress tensor is given by 
)]()( [2 EDIHBEDT ⋅++−= tt phA β ,  (51) 
which is not symmetric.  By taking advantage of 0)( =⋅∇ DE , 
, and , the Abraham’s stress tensor 
can be re-written in a symmetric form, given by 
0)( =⋅∇ BH HBED ⋅=⋅
⎥⎦
⎤⎢⎣
⎡ ⋅+⋅++−+−= )(
2
1)()(2 HBEDIBHHBDEEDT
tt
phA β .  (52) 
Note that in a moving medium,  and DEED = BHHB =  
usually are not true because of the anisotropy of the moving 
medium.  However in free space,  and DEED = BHHB =  
always hold because the empty space ( ph ) is isotropic 
observed in any inertial frames.  Thus in free space, 
12 =β
MT
t
 given 
by Eq. (49) and AT
t
 given by Eq. (51) are identical. 
It can be seen by comparing Eq. (47) with Eq. (49), and Eq. 
(51) with Eq. (52) that the symmetry has nothing special in 
physics: a symmetric form can be turned into asymmetric by 
adding something, and vice versa.   
It also can be seen from Eq. (46) and Eq. (50) that the 
momentum conservation equations are all differential equations 
and they can be converted from each other through Maxwell 
equations.  In fact, Eq. (46) and Eq. (50) can be obtained from a 
more general momentum conservation equation given by 
0=⋅∇+∂∂ Tg tt , where  and 
MA
MA aa ggg )1( −+=
aa TTT
ttt
)1( −+= , with 2)( cAg , HE×= BDg ×=M , and 
 being any constant.  We have Eq. (50) for , and Eq. 
(46) for , while 
 a 1=a
0=a g  is restored to MA  in free 
space.  Just as indicated at the beginning of the paper, Maxwell 
equations themselves support various forms of momentum 
conservation equations, resulting in an indeterminacy of 
momentum definitions.  Thus to identify the correctness of 
momentum definitions, Fermat’s principle and the principle of 
relativity are indispensable tools. 
ggg ==
Unconventional phenomenon for a superluminal medium.  
In addition to the negative-frequency appearance, as indicated 
by Huang [45], a Negative Energy Density (NED) may result 
for a plane wave when the medium moves opposite to the wave 
vector direction at a faster-than-dielectric light speed; this 
phenomenon is called “NED zone” for the sake of convenience.   
In the NED zone, the photons possess negative energy from 
the viewpoint of phenomenological quantum-electrodynamics 
[54].  The origin of negative EM energy density can be seen 
from Eq. (43).  The energy density Doppler factor is equal to the 
product of frequency’s and EM-field-cell density’s.  The EM-
field-cell density Doppler factor is always positive while the 
frequency’s is negative in the NED zone ( 1ˆ >′′=′⋅′′ ββn dd nn ), 
leading to the holding of  when 0<⋅ED 0<ω . 
In the NED zone,  and  are valid, and from Eqs. 
(20) and (21) we have 
ED // BH //
0
1
1 <′′′−
′′−= ε
β
β
E
D
d
d
n
n
,   (53) 
0
1
1 <′′′−
′′−= µ
β
β
H
B
d
d
n
n
.   (54) 
Because of 0<ω  in the NED zone, from Eq. (10-1) we have 
nβ ˆ cβc phph =  with 0<cβ ph .  From Eqs. (33) and (34) we have 
BnE ×−= ˆcβ ph ,    (55) 
DnH ×+= ˆcphβ .   (56) 
It follows that the plane wave in the NED zone is a left-hand 
wave: (1)  and  follow the left-hand rule, and 
(2) the phase velocity or group velocity is opposite to the wave 
vector.  In other words, the moving medium in the NED zone 
behaves as a so-called “negative index medium” [41-44], where 
the refractive index is taken to be negative [42], instead of the 
frequency here.   
)ˆ,,( nBE )ˆ,,( nHD
As mentioned above, in the NED zone the group velocity gr  
is opposite to the wave vector , and 
v
kdn 0<⋅ED  holds.  Thus 
from Eqs. (36)-(38), with  taken into account, we find 
that the Poynting vector grpower  also has the 
same direction as the wave vector dn  or the EM momentum 
0=pseuS
vEDSS  )( ⋅==
k
BD×  in the “negative index medium”. 
As we have known, the NED zone results from 0<ω .  In the 
NED zone we have dn , leading to 
dd  with 1 d .  Thus observed in the lab 
and medium-rest frames respectively, the both power flows have 
the same direction.  From Eqs. (53) and (54) we see that, the 
moving medium in such a case physically behaves as a 
“negative index medium”.  Thus the negative-frequency effect 
denotes a distinct physical phenomenon where the EM wave is a 
left-hand wave.  In other words, the frequency (EM energy) sign 
only characterizes the propagation property of EM waves.  
Experimentally, the observed frequency is always positive, and 
a positive EM energy propagates along the wave vector 
direction, while the sign of the frequency is determined by 
examining the property of wave propagation in the moving 
medium: (-) for the left-hand and (+) for the right-hand. 
)()ˆ1( 1 knβk ′′′⋅′′−= −dd nn γ
nn 0ˆ1 >′⋅′′− − nβn)//()( kk ′′
It is interesting to point out that, in the effect of “negative 
index medium” analyzed above, the dispersion of the medium 
material is not required, and the Poynting vector and EM 
momentum have the same direction.  In contrast, in the 
traditional effect of negative index medium, first analyzed by 
Veselago, the medium material must be dispersive to support a 
positive EM energy, and the Poynting vector is directed 
opposite to the EM momentum or wave vector [41]. 
V. CONCLUSIONS AND REMARKS 
By analysis of a plane wave in a moving uniform medium we 
have shown that, (1) Minkowski’s light momentum and energy 
constitute a Lorentz four-vector, while Abraham’s momentum 
and energy do not, and (2) observed in any inertial frames, 
Minkowski’s EM momentum  always take the 
direction of the wave vector dn , while the Abraham’s 
momentum 
BDg ×=M
k
2cA  does not, unless in free space or 
when the dielectric medium moves parallel to the wave vector, 
as shown in Eqs. (35) and (36).  The Minkowski’s momentum is 
HEg ×=
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completely consistent with Fermat’s principle and the principle 
of relativity, and it is the unique correct light momentum. 
The photon momentum-energy four-vector µµ KP h=  is 
constructed based on the wave four-vector combined with 
Einstein light-quantum hypothesis, while the EM momentum-
energy four-vector ),(1 cNP p
−µ  is constructed 
based on the Lorentz covariance of EM field-strength tensors 
 and  (to keep Maxwell equations 
invariant in form in all inertial frames) [47], where pN  
and p  are, respectively, the momentum and energy for a 
“single EM-field cell”.  When Einstein’s light-quantum 
hypothesis p  is imposed on the latter, the latter is 
restored to the former, namely 
EDBD ⋅×=
N
N
)( BE,αβF )( HD,αβG
BD×−1
ED ⋅−1
ωh=⋅− ED1
),(1 cN p
−  EDBD ⋅×
),( cnd ωhh , with the “single EM-field cell” becoming 
“single photon”.  Thus the light momentum can be described by 
single photon’s momentum or by EM momentum, as stated in 
the Introduction section. 
k=
The principle of relativity, Fermat’s principle, and global 
momentum-energy conservation law are all basic postulates in 
physics.  In the principle-of-relativity frame, it is the Fermat’s 
principle that requires the correct light momentum and energy to 
constitute a Lorentz four-vector for a plane wave in a moving 
uniform medium as shown in this paper, while it is the global 
momentum-energy conservation law that requires the correct 
light momentum and energy to constitute a Lorentz four-vector 
in medium Einstein-box thought experiment as shown in [40].  
From this we can conclude that the justification of Minkowski’s 
momentum as the correct light momentum is completely 
required by the basic postulates in physics.  This conclusion has 
a fundamental significance for guiding, although there is no 
exact plane wave existing in the real world.  For example, the 
fundamental TE10 mode in a rectangular waveguide fully filled 
with a uniform dielectric will become a uniform plane wave 
when the transverse dimension of the waveguide goes to infinity; 
thus the light-momentum result obtained from the TE10 mode 
should get back to the plane-wave result when the waveguide 
dimension is much larger the light wavelength.  Another typical 
example is the EM radiation waves generated by finite-size 
sources, which also can be approximately taken as plane waves 
locally when the observer is far away from the sources [55]. 
It should be emphasized that, the significance of the 
resolution of the Abraham-Minkowski debate presented in the 
paper is not just to show the justification of the Minkowski’s 
momentum as the unique correct light momentum.  In fact, 
through seeking the resolution we have clarified and developed 
some basic concepts and principles in electrodynamics and 
special relativity, which are outlined below:  
(i) Poynting vector may not denote the real power flow in an 
anisotropic medium (confer Eq. (36)-Eq. (38)) [56];  
(ii) the Abraham’s momentum postulate, which was proposed 
by Mansuripur and Zakharian [16], is found to be based on 
an artificial assumption that the Poynting vector always 
denotes a real power flow in any situations;  
(iii) the total-momentum model [19], which is widely 
accepted in the community, is proved to be not compatible 
with the relativity of principle and the global momentum-
energy conservation law [40], which are all fundamental 
postulates in physics;  
(iv) the proof of the correctness of both Abraham’s and 
Minkowski’s momentums in the relativistic analysis of 
Einstein-box thought experiment [22] turns out to be 
obtained by inappropriately using von Laue’s theorem of 
the dynamics of relativity [57];  
(v) there may be apparent photon velocity and apparent 
photon displacement in a moving medium (see Fig. 2); 
(vi) there is an effect of “negative index medium” in the 
superluminal medium [see Eq. (53) and Eq. (54)];  
(vii) the Planck constant is a Lorentz invariant for a plane 
wave, which is a strict result of relativity, although the Planck 
constant as a Lorentz invariant is an implicit postulate in Dirac 
relativistic quantum mechanics [58]. 
One might ask: (1) Does  always correctly denote a EM 
momentum?  (2) Is there such a four-vector with the form of 
BD×
),(1 cN p
−  for any EM fields?  The answer is “not 
necessarily”. 
EDBD ⋅×
To keep Maxwell equations invariant in form, the EM field-
strength tensors  and  must follow Lorentz 
transformations, namely Eqs. (3-1) and (4-1) [47,48].  Based on 
the field-strength tensors, various forms of stress-energy tensors 
have been constructed [5,7,11].  However, not every 
)( BE,αβF )( HD,αβG
BD×  of 
these EM fields denotes a real EM momentum, and not every 
EM field has a momentum-energy four-vector in the form of 
),(1 cN p
− .  To better understand this, some simple 
examples, including the classical electron mass-energy paradox, 
are analyzed below, and finally a general EM momentum 
definition is proposed.   
EDBD ⋅×
Example 1.  Suppose that there is a uniform static electric 
field 0≠E  while 0=B  in free space, with 0=×BD  and 
0=⋅HB  but 0≠⋅ED , observed in the lab frame XYZ (confer 
Fig. 1).  Observed in the moving frame ZYX ′′′ , from (reversed) 
EM-field Lorentz transformation Eqs. (3-1) and (4-1) we obtain  
βEβEE )()1( 2 ⋅−−=′ −βγγ ,  (57) 
cc EβEβB ′×′=×−=′ γ .  (58) 
Abraham’s and Minkowski’s momentum are equal, given by 
cc EβDβEDBD ′′⋅′−′′⋅′=′×′ )()( , (59) 
which includes two terms, with one in direction−′β  and the 
other in direction−′E .  However the static E-energy fixed in 
XYZ  moves at cβ′  observed in ZYX ′′′ , and the EM 
momentum should be parallel to β .  From this we judge that 
the term 
′
cEβD ′′⋅′− )(  is an apparent pseudo-momentum.  
Especially, when  and Eβ // 0<⋅βE  hold, leading to EE =′  
and 0>′⋅′ Eβ , we have 0=′×′ BD  [16], but there should be a 
non-zero EM momentum observed in ZYX ′′′ , because the E-
field has energy and mass, and it is moving.  Thus we conclude 
that BD ′×′  does not correctly reflect the EM momentum in 
such a case. 
However, when Eβ ⊥  or 0=⋅Eβ  holds, we have 
0)( =′′⋅′− cEβD .  From Eq. (59) and Eqs. (57-58), we obtain 
βEDBD )(2 c⋅−=′×′ γ  and cc DEDE ⋅=′⋅′ 2γ , leading to  
c
c
βDEBD ′⎟⎠
⎞⎜⎝
⎛ ′⋅′=′×′
2
.   (60) 
A direct check indicates that ),(1 cN p  
automatically satisfies the four-vector Lorentz transformation 
given by Eqs. (1) and (2) with 
EDBD ′⋅′′×′′−
γ=′ pp .  Note: Such a four-
vector is a “frame-dependent” four-vector, instead of a real four-
vector.  [A real Lorentz four-vector is frame-independent 
because it is always a four-vector no matter in what frames it is 
observed; the Minkowski’s four-vector given by Eq. (40) for a 
plane wave is a real four-vector.] 
NN
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Nevertheless, it should be pointed out that,  in Eq. (60) 
is not equal to the EM energy 
DE ′⋅′
)(5.0 HBDE ′⋅′+′⋅′=′emW  in the 
static field case (instead of a plane wave), and BD ′×′  cannot 
denote a real EM momentum either.  In other words, if BD ′×′  
in Eq. (60) were taken to be real EM momentum, then according 
to the conventional definition of momentum = mass times 
velocity, 2cDE ′⋅′  would have to be EM mass but it is not, 
which directly contradicts Einstein mass-energy equation. 
This example clearly shows that when a static electric field 
moves, the Abraham/Minkowski’s momentum does not reflect a 
real EM momentum, and it cannot be used to constitute a real 
momentum-energy four-vector. 
To correctly understand the relation between 
Abraham/Minkowski’s momentum and EM energy, the first 
thing we have to do is to define a real EM momentum.   
The definition of EM energy )(5.0 HBDE ⋅+⋅=emW  is well 
established and supposed to be valid in any inertial frames; thus 
the EM momentum for static fields in free space should be 
defined as 
ememem cW vg )(
2= ,   (61) 
where em  is the EM-energy propagation velocity.  Obviously, 
this definition is compatible with the plane wave in free space, 
of which the relation between momentum and mass is also well 
established.  Eq. (61) itself does not involve any calculations of 
, and this definition allows 
v
BD× ),(1 cWN ememem  to be a 
Lorentz four-vector, where  is the EM-field-cell number 
density, and ememN  and emem  are, respectively, the 
momentum and energy for a single EM-field cell (corresponding 
to a single photon for the plane light-wave case).   
g−
emN
g1− WN 1−
The EM energy density can be written as 
DEDEHB ′⋅′′⋅′′⋅′+=′ )1(5.0em .  Multiplying the both sides 
of Eq. (60) with 
W
)1(5.0 DEHB ′⋅′′⋅′+ , we obtain the real EM 
momentum-mass equation, given by 
c
c
Wem
em βBDDE
HBg ′⎟⎠
⎞⎜⎝
⎛ ′=′×′⎟⎠
⎞⎜⎝
⎛
′⋅′
′⋅′+=′
2
1
2
1 .  (62) 
Thus the part  behaves as a pseudo-momentum, 
since 
0≠′−′×′ emgBD
12 <=′⋅′′⋅′ βDEHB  holds.   
It should be emphasized that, not every BD ′×′  can be 
converted to a real EM momentum emg  like Eq. (62); for 
example, when  and 
′
Eβ // 0<⋅βE , we have 0=′×′ BD  from 
Eq. (59) as mentioned before, but 0≠′emW  and 
em , and thus 0≠−=′=′ cc ββv 0)( 2 ≠′′=′ emememg  cannot be 
expressed in terms of .  In fact, Eq. (59) directly tells 
us that  and  are usually not parallel at all. 
cW v
0=′×′ BD
em
Example 2.  Now let us take a look of a symmetric example.  
Suppose that there is a uniform static magnetic field 
g′ BD ′×′
0≠B  
while  in free space.  Observed in the lab frame XYZ, we 
have , , but .  In the moving frame 
0=E
0=×BD 0=⋅ED 0≠⋅HB
ZYX ′′′ , we have cc HβBβHBBD ′′⋅′−′′⋅′=′×′ )()(  by 
Lorentz transformation.  If 0=⋅Bβ  holds, the apparent pseudo-
momentum term cHβB ′′⋅′− )(  disappears.  Thus we have 
βHBBD )(2 c⋅−=′×′ γ  and cc HBHB ⋅=′⋅′ 2γ , leading to 
c
c
βHBBD ′⎟⎠
⎞⎜⎝
⎛ ′⋅′=′×′
2
.   (63) 
The above  cannot denote a real EM momentum either 
because  is not equal to the EM energy 
.  Similarly, 
BD ′×′
HB ′⋅′
)(5.0 HBDE ′⋅′+′⋅′=′emW HB ′⋅′+= )1(5.0 2β
),(1 cN p HBBD ′⋅′′×′′−  is also a frame-dependent four-vector 
with γ=′ pp .  From Eq. (63) a real EM momentum-mass 
equation, like Eq. (62), can be obtained. 
NN
Example 3.  It should be noted that, the pseudo-momentum 
not only can appear in the moving frame, but also can appear in 
the static-field-rest frame if the conventional understanding of 
EM momentum is taken.  Suppose that uniform static EM fields 
0≠E  and 0≠B  with 0≠×BD  in free space are fixed in the 
lab frame XYZ.  According to the definition Eq. (61), the real 
EM momentum is given by emg  observed in the lab frame 
because the static fields are at rest, leading to 
0=
0=emv .  However 
from the conventional viewpoint, 0≠×BD  is the EM 
momentum, which is often perplexing [59-61].   
In fact, we have reasons to question the conventional 
understanding of the construction of EM momentum in the 
above Example 3, where the static fields 0≠E  and 0≠B  are 
completely independent, without any intrinsic relations through 
Maxwell equations: E  does not produce ,  does not 
produce , and there is no energy coupling between the two 
fields.  Thus physically it is not justifiable to take the 
mathematically coupling momentum 
B B
E
0≠×BD  to be the EM 
momentum.  In other words, for static D-field and B-field, 
which are not intrinsically related,  cannot constitute a 
correct EM momentum.   
BD×
From above examples, we can obtain two conclusions: (1) for 
(non-zero) static field E or B fixed in the lab frame XYZ , 
observed in a moving frame ZYX ′′′ , there are pseudo-
momentums appearing, and 2cHEBD ′×′=′×′  cannot 
correctly denote a real EM momentum [confer Eq. (59)]; (2) 
when the frame moves perpendicularly to the field, observed in 
the moving frame, 2cHEBD ′×′=′×′  can be converted into a 
real EM momentum [see Eq. (62)]; in such a case, a frame-
dependent four-vector ),(1 cN p  or EDBD ′⋅′′×′′−
),(1 cN p  can be constructed, although HBBD ′⋅′′×′′− BD ′×′  
does not denote a real EM momentum.   
Physically realizable static EM fields are “attached-to-source” 
fields [16], but mathematically Maxwell equations do support 
static fields without sources, just like a plane wave in free space. 
It should be pointed out that, EM-field Lorentz transformation 
Eqs. (3-1) and (4-1) are valid for any “non-uniform” static 
fields.  In the above examples, the use of “uniform” fields is just 
to simplify analysis by excluding possible “interfering factors”, 
such as mechanical structures to support the fields. 
Resolution of the classical electron EM mass-energy 
paradox.  The problem of the classical electron EM energy and 
momentum has a long story, and it is generally and 
comprehensibly reviewed in Feynman Lectures [62]; it is also 
well presented in a recent publication by Griffiths [63].   
Feynman presented a specific calculation of EM energy and 
momentum for a slowly-moving electron in free-space, to show 
that the mass-energy relation is given by 2)43( cmU elec BD× , 
where the electron’s energy is calculated from 
=
∫ ⋅= dVU elec )2( ED  and the electron’s mass is calculated from 
||)( elecdVm vBDBD ∫×  (momentum/velocity) [62].  The 
“infamous factor” 
×=
)43(  makes the mass-energy relation not 
consistent with Einstein mass-energy equation, which has been 
thought to be “a serious trouble — the failure of the classical 
electromagnetic theory” [62].  Below we will show that this 
“serious trouble” is just a paradox.  
The inconsistency between Abraham/Minkowski’s 
momentum and EM energy in Feynman’s calculations comes 
from the fact that for a static field it is impossible to find a 
moving inertial frame, in which Abraham/Minkowski’s 
momentum does not include pseudo-momentum.  For example, 
even when the apparent pseudo-momentum term 
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0)( =′′⋅′− cEβD  holds in Eq. (59), the first term βED ′′⋅′ )( c  
still includes pseudo-momentum because  is not a real 
EM energy density, as mentioned before.  In other words, the 
pseudo-momentum will inevitably be involved when calculating 
the electron’s total EM momentum; thus resulting in this 
paradox.  
ED ′⋅′
This paradox can be eliminated by converting 
Abraham/Minkowski’s momentum into a real EM momentum, 
as shown in Example 1.  To do that, first we set the electron 
fixed at the origin of the lab frame XYZ; the electron’s static 
field  produces both electric and magnetic fields 
 and  in a moving frame 
)(),( xExE =t
),( t ′′′ xE ),( t ′′′ xB ZYX ′′′ .  To remove 
the apparent pseudo-momentum term, the ZYX ′′′  frame is set to 
move perpendicularly to  at the time-space point .  
Then by Lorentz transformation we obtain the electron’s real 
momentum em  at , satisfying Eq. 
(62).  (Not for any  direction there is a 
conversion from  to em .)  This procedure can be done 
for  at any time-space points.  From Eq. (62), we know 
that the relation between EM mass density 
),( txE ),( ctx
BDg ′×′+=′ )1(5.0 2β ),( tc ′′x
moving−′′′ ZYX
BD ′×′ g′
),( txE
cem  and energy 
density em  for the classical electron automatically satisfies 
Einstein mass-energy equation at any differential domains, with 
no paradox existing at all.    
βg ′′
W ′
In conclusion, Feynman’s calculations involve pseudo-
momentums, resulting in a coefficient difference from Einstein 
mass-energy equation, but no contradiction to the relativity.  
In fact, directly starting from the mass-energy self-consistent 
momentum definition Eq. (61) we know the electron’s EM mass 
and energy, ∫= dVcWm emelec 2  and ∫ emelec , 
automatically satisfy Einstein mass-energy relation in any 
inertial frames.  Nevertheless the momentum and energy, 
)( = dVWU
elecelecelec  and elecU , cannot constitute a Lorentz four-
vector, which is shown below. 
cU vp )( 2=
Suppose that the electron is fixed at the origin of the lab 
frame XYZ.  Observed in the ZYX ′′′  frame moving at cβ  
relatively to the lab frame, the electron’s velocity is elecv cβ−=′ .  
In the lab frame, there is no magnetic field (B = 0), and from 
(reversed) Eq. (3-2) and Eq. (4-2) we obtain the EM energy 
Lorentz transformation, given by  
2
0
222 )( )1( Eβ ⋅−+=′ εγγ emem WβW ,  (64) 
or  
∫ ⋅−+=′ dVUβU elecelec 202 )( )1( Eβγεγ . (65) 
The relation 0ED ε=  is used in obtaining Eq. (64), with 0ε  the 
vacuum permittivity. For the uniform spherical-shell charge 
distribution used in Feynman’s calculations, we have 
elecUdV
22
0 3
2 )( βε =⋅∫ Eβ ,  and   aqU elec 0
2
8πε= , (66) 
with q the classical electron’s charge and a is its radius.  From 
Eqs. (65) and (66) we have [64] 
elecelec UU γβ ⎟⎠
⎞⎜⎝
⎛ +=′ 2
3
11 .   (67) 
elecelec UU γ=′  is a necessary and sufficient condition for 
),( cU elecelecp  to be a four-vector (independent of the 
 direction or ).  Thus from Eq. (67) 
we know that the existence of  makes 
moving−′′′ ZYX direction−β
3/2β elecelec UU γ≠′  so that 
),( cU elecelec
In fact, the conclusion elecelec
p  lost four-vector behavior.   
UU γ≠′  is valid for any classical 
electron models because Eq. (65) holds for any static charge 
distributions.  According to Eq. (65), to make elecelec UU γ=′  hold 
for any directions−β  with a given value−β , we must have 
∫elec 0  holding for any ⋅= dVUβ 22 )( Eβε directions−β , where 
the rest electron’s EM energy ∫elec 0  is 
independent of 
= dVU 25.0 Eε
β .  Obviously, it is impossible except for 0=β  
or 0≡E ; thus elecelec UU γ=′  cannot hold. 
From above we have known that the classical electron’s total 
momentum-energy vector ),( cU elecelec  is not a four-vector 
although it automatically satisfies Einstein’s mass-energy 
equation.  However, as we have indicated previously, the single 
EM-field-cell momentum-energy vector 
p
),(1 cWN em  is 
allowed to be a four-vector, where 
emem g
−
emememg , namely 
Eq. (61).  This conclusion is valid for any static fields in free 
space, and it is proved below.   
cW v)( 2=
The proof actually is to determine the  
condition for given static fields so that 
satisfying−emN
),(1 cWN ememem g
−  follows 
four-vector Lorentz transformation. 
Suppose that the static fields are fixed in the lab frame XYZ .  
The EM-field energy velocity is given by 0=emv  observed in 
the lab frame, leading to em , while observed in the moving 
frame 
0=g
ZYX ′′′  the energy velocity is emv cc ββ ′=−=′ .  If 
),(1 cWN ememem
−  is a four-vector, then it satisfies the Lorentz 
transformation 
g
⎟⎟⎠
⎞
⎜⎜⎝
⎛−⎟⎟⎠
⎞
⎜⎜⎝
⎛⋅−+=′
′
em
em
em
em
em
em
em
em
cN
W
NNN
ββgβgg γβ
γ
2
1 , (68) 
⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛⋅−=′
′
em
em
em
em
em
em
NcN
W
Nc
W gβγ .   (69) 
From above we obtain the necessary and sufficient condition for 
),(1 cWN ememem g
−  to be a four-vector, given by 
)()( 11 emememem WNWN
−− =′′ γ ,    or    
em
em
em
em
W
W
N
N
′=′ γ , (70) 
which makes Eqs. (68) and (69) hold at the same time.  Note 
that all field quantities must satisfy EM-field strength tensor 
Lorentz transformations given by Eqs. (3) and (4).  
From Eq. (70), we find that the single EM-field-cell energy 
relation em  is different from the total 
energy relation 
)()( 11 ememem WNWN
−− =′′ γ
elecelecU  for the classical electron 
given by Eq. (67).  It is this difference that results in the 
difference of Lorentz property between 
U)31( 2βγ +=′
),(1 cWN ememem g
−  and 
),( cU elecelec
Recall the definition of refractive index for a plane wave in a 
medium, given by 
p . 
cnc d .  Obviously, 
the index definition is not applicable to static fields where 
ωω k=/ vectorwave
0=kd  and n 0=cω  hold, and the index effect on the 
momentum-associated mass does not exist; in other words, the 
momentum-associated mass is equal to the energy-associated 
mass for any static fields.  Therefore, the EM momentum 
definition ememem  given by Eq. (61) and the four-
vector behavior of 
cW vg )( 2=
),(1 cWN ememem  are valid for any static fields 
both in free space and in a medium. 
g−
General EM momentum definition.  Based on the analysis 
of various simple but basic forms of EM fields in this paper, it 
makes sense to generalize the result of Eq. (35), given by 
gremd  for a plane wave in a medium, as a 
general EM momentum definition, given by  
Wcn vBD 2)(=×
em
em
effem c
Wn vg ⎟⎠
⎞⎜⎝
⎛=
2
2 ,   (71) 
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which has exactly the same form as that of the momentum 
definition in Newton classical mechanics.   
For EM waves, cneff  is an effective 
refractive index, which has an index effect on the EM 
momentum-associated mass 
ω/ vectorwave=
)( 22 cWn emeffP .  In a regular 
dielectric-filled metallic waveguide, for example, the effective 
index is given by 
=ρ
212222 )( ωcknn cdeff  with c  the cutoff 
wave number.  For a plane wave in a medium (free space), 
deff   holds because of 
−= k
nn = )1(= 0=ck .  However for general 
dispersion structures, deff  holds.  That means that the 
relation between EM momentum and refractive index dn  also 
depends on the dispersion property of EM structure (geometry).  
It is possible for different dependences of EM momentum on 
refractive index dn  to be observed experimentally in different 
wave-dispersion structures with the same dielectric material, or 
even the same structure but operating at different frequencies. 
nn <<0
For static fields, eff  is taken no matter whether in vacuum 
or in a medium, because there is no index effect on EM mass, 
and the momentum-associated mass equal to the energy-
associated mass, namely 
1=n
2cWemE == ρρP  both in vacuum and 
in a medium. 
There are some points that need to be emphasized.  (1) For a 
plane wave in a medium (free space), deff   holds, and 
Eq. (71) is equivalent to em  (Minkowski momentum) 
because of the EM energy speed 
nn = )1(=
BDg ×=
dem .  (2) For static 
fields fixed in the lab frame 
nc=v
XYZ , the EM momentum is given 
by em  observed in the lab frame because of the energy 
velocity em , while observed in the frame 
0=g
v 0= ZYX ′′′  moving 
with respect to the lab frame at cβ , the EM momentum is given 
by ccWemem βg ′′=′ )( 2 , because of the energy velocity 
em .  (3) For general EM waves, the momentum 
definition Eq. (71) is a generalization from the momentum 
formulation of the plane wave in a medium based on the 
physical requirement: EM-wave momentum is equal to the 
momentum-associated mass multiplied by the energy velocity. 
cc ββv −=′=′
Interestingly, the dispersion property of wave momentum may 
make the momentum itself behaving as “Minkowski-type 
momentum” or “Abraham-type momentum”, depending on the 
EM structure’s operating frequency, if the traditional criterions 
are employed.  Such an example is given below. 
Suppose that a travelling wave propagating along the z-
direction in an above-mentioned regular dielectric-filled 
metallic waveguide.  The energy velocity, equal to the group 
velocity, is given by 2deffem , and from Eq. (71) we 
obtain the wave momentum (in the z-direction), given by 
ncn=v
⎟⎠
⎞⎜⎝
⎛⎟⎟⎠
⎞
⎜⎜⎝
⎛ −=
c
Wn emcdem
2
3
2
2
1 ω
ωg , with 
d
c
c n
ck=ω , (72) 
where c  is a structure’s constant required by boundary 
conditions. 
k
When the operating frequency ω  is much larger than the 
cutoff frequency cω , we have the “Minkowski-type EM 
momentum” 
⎟⎠
⎞⎜⎝
⎛≈
c
Wn emdemg , for cωω >> ,  (73) 
which corresponds to the Minkowski’s photon momentum 
formulation cnp dM ωh=  discussed in Sec. III. 
When the frequency is set to be 21322 ))(( −−= ddcd  
(>
nnn ωω
cω ), we have the “Abraham-type EM momentum” 
⎟⎠
⎞⎜⎝
⎛=
c
W
n
em
d
em
1g , for 
322
dd
cd
nn
n
−=
ωω , (74) 
which corresponds to the Abraham’s photon momentum 
formulation )( cnp dA ωh  discussed in Sec. III. =
Of course, in general cases neither Abraham-type nor 
Minkowski-type momentum can be identified in terms of the 
traditional criterions. 
We have shown that the EM momentum and energy for a 
plane wave, which has no dispersion, constitute a Lorentz four-
vector in a form of single photon or EM-field cell.  However for 
dispersive EM waves (interfering waves), that are guided by EM 
structures with finite dimensions and of which the momentums 
are tailored to propagate in a required direction, whether and 
how the momentum and energy can constitute a four-vector is 
still an open question. 
Finally, we would like to make a comment on the Planck 
constant h , which is widely thought to be a “universal 
constant” [65].  For a plane wave in a moving medium, 
)c,(nd ω′′′k  is Lorentz covariant; thus resulting in the 
invariance of Planck constant, as shown in Sec. IV in the paper.  
Mathematically speaking, if ),( cnd ω′′′k  is Lorentz covariant, 
then the invariance of  and the covariance of h ),( cnd ω′′′kh  are 
equivalent.  However for a moving point light source in free 
space where 1=′dn  holds, the covariance of ),( cω′′k  is 
destroyed, and the invariance of Planck constant is questioned 
[55,66]. 
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Attachment-I.  Comparison of results from Gordon-metric  
and Minkowski-metric dispersion relations  
 
As we know, a correct physical result does not depend on the mathematical method that is used.  Eq. (8) in this 
paper, resulting in an invariant form of refractive index, is a Minkowski-metric dispersion relation, because it is 
directly obtained from the Minkowski-metric-expressed Lorentz scalar equation  based on 
the wave four-vector 
0)( =′′− νµνµµν KKKKg
),( cnK d ωµ k= .  However, some scientists insist that,  
“The dispersion relation (8), which underlies many computations in this paper, is incorrect.  Instead of the 
Minkowski spacetime metric, one should use the so-called optical (or Gordon) metric, and the correct 
dispersion relation then reads as the Eq. (A7) in T. Ramos, G. F. Rubilar, Y. N. Obukhov, Phys. Lett. A 375 
(2011) 1703.”  (RRO-paper for short: http://arxiv.org/abs/1103.1654; 10.1016/j.physleta.2011.03.015 ) 
Since a correct physical result does not depend on mathematical methods, we can affirm that the results 
respectively from Minkowski- and Gordon-metric dispersion relations must be the same.  In this attachment, we will 
show that the result from Eq. (8) in this paper is, indeed, the same as that from the Gordon-metric-expressed 
dispersion relation Eq. (A7) given in RRO-paper.  [In the next attachment, we will show that Eq. (8) is exactly 
equivalent to Eq. (A7) of RRO-paper.] 
 
To convince readers, a specific proof is given below.  For readers’ convenience, the same math symbols as those 
used in RRO-paper are adopted below.  
 
Eq. (A7) of RRO-paper (http://arxiv.org/abs/1103.1654 ) reads 
0=νµµνγ kk ,         (PRO-A7) 
where  is the wave 4-vector in the Lab frame, given by µk
)0,0,,( kk −= ωµ ,         (PRO-A8) 
namely 
ω=1k ,  ,  kk −=2 03 =k ,  04 =k ,  
and  is the so-called Gordon optical tensor, given by µνγ
⎟⎟
⎟⎟
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜⎜
⎜⎜
⎜
⎝
⎛
−
−
−+−−
−−+
=
1000
0100
00)1(1])1[(1
00])1[(1])1(1[1
22222
2222
2
βγβγ
βγγ
γ µν nn
c
n
c
n
c
,    (PRO-A9) 
namely 
])1(1[1 222
11 γγ −+= n
c
,  ])1[(1 2212 βγγ −= n
c
,  ,  , 013 =γ 014 =γ
])1[(1 221221 βγγγ −== n
c
, ,  ,   22222 )1(1 βγγ −+−= n 023 =γ 024 =γ
031 =γ ,    ,    , , 032 =γ 133 −=γ 034 =γ
041 =γ ,    ,    ,  . 042 =γ 043 =γ 144 −=γ
 
In the above, cβ  is the x-direction moving velocity of the medium (only 1D motion is assumed in PRO-paper), and 
.  2/12 )1( −−= βγ ω  and , are, respectively the frequency and the wave number in the lab frame, but n  is the 
refractive index in the medium-rest frame. 
k
 
From Eq. (PRO-A7), we have 
044
44
33
33
22
22
12
21
21
12
11
11 =+++++= kkkkkkkkkkkkkk γγγγγγγ νµµν  
namely 
0)]()1(1[)]()1[(12])1(1[1 2222222222 =−−+−+−−+−+= knkncnckk βγωβγωγγ νµ
µν .  (I-1) 
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From above Eq. (I-1), we have  
 
ωβγ
βγ
])1(1[
)1(
222
22
−+−
−−=
n
nnkc .        (I-2) 
Since 
))(1()1()1()1(numerator 2222222 ββγβγβγβγ +−−=−−−=−−= nnnnnn , 
)1)(1()1()1()1(1rdenominato 222222222 ββγβγβγβγ nnnn −+−=−+−−=−+−= , 
we have  
ωβ
β
n
nkc +
+=
1
,   namely  ωβ
βγ νµµν n
nkckk +
+=⇒=
1
0 .  (I-3) 
 
Now let us convert the symbols in the above Eq. (I-3) into those used in this paper:  
 
k
c
nn dd →= ωk    nnd →′ ,     (I-4) 
we have  
ωβ
βω
d
d
d n
n
c
c
n ′+
+′=
1
,  
or 
 β
β
d
d
d n
nn ′+
+′=
1
.         (I-5) 
 
The above Eq.(I-5) is right the Eq. (15) in this paper.   
 
In conclusion, the result from Eq. (A7) derived from so-called Gordon optical metric in RRO-paper 
(http://arxiv.org/abs/1103.1654) is the same as that from Eq. (8) in this paper. 
 
 
Attachment-II.  Equivalence of Minkowski-metric and  
Gordon-metric dispersion relations  
 
In this attachment, we will show that the Minkowski-metric and Gordon-metric dispersion relations are 
equivalent.   As shown in Sec. II, Eq. (8) is directly obtained from the Minkowski-metric dispersion equation, given 
by 
0)( =′′− νµνµµν KKKKg ,       (II-1) 
 
where νµν , with µ d ω KgcnK ′=′′′−=′ ),( k 00εµεµ ′′=′dn  the refractive index in the medium-rest frame, 
),( cnK ω′′′=′ kdµ , Minkowski metric , and )1,1,1,1( +−−−== diaggg µνµν cω′=′k  resulting from wave 
equation for a uniform plane wave.  Note: cKK ω′=′=′ 44 .  In the Minkowski space, the contra-variant coordinate 
is given by , with  ),,,( ctzyxX =µ
 
λ
λ
µ
µ dX
X
XXd ∂
′∂=′   (contra-variant),     (II-2) 
and  
λµ
λ
µ XX
X
X ∂
∂
′∂
∂=′∂
∂   (covariant).     (II-3) 
 
With cK ω′=′4  taken into account, we have 
 16
2
4
22
2
))(1()1( Knn
c
KKg dd ′′−=′−⎟⎠
⎞⎜⎝
⎛ ′=′′ ωνµµν .      (II-4) 
Sine  is a covariant component, transforming like Eq. (II-3), we have 4K ′
 
νµ
νµ
µ
µ
KK
X
X
X
XK
X
XK
44
2
4
2
4 )( ′∂
∂
′∂
∂=⎟⎟⎠
⎞
⎜⎜⎝
⎛
′∂
∂=′ .     (II-5) 
 
Inserting Eq. (II-5) into Eq. (II-4), we have 
 
νµ
νµ
νµ
µν KK
X
X
X
XnKKg d 44
2 )1( ′∂
∂
′∂
∂′−=′′ .      (II-6) 
 
Inserting Eq. (II-6) into Eq. (II-1), we have 
 
0)1( 44
2 =⎟⎟⎠
⎞⎜⎜⎝
⎛
′∂
∂
′∂
∂′−− νµ
νµ
µν KK
X
X
X
Xng d .     (II-7) 
 
From above, we obtain the Gordon optical metric, given by 
 
44
2 )1(
X
X
X
Xng d ′∂
∂
′∂
∂′−−=Γ
νµ
µνµν .      (II-8) 
 
Thus the Gordon-metric dispersion relation Eq. (II-7) can be re-written as  
 
0=Γ νµµν KK .       (II-9) 
 
Now let us determine all the components of µνΓ .  Since , from Eqs. (1) and (2) in Sec. II we have ),( ctX x=µ
 
xββxβx ˆ)(1
2
1 ⋅⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′′−′′⋅′−+′= tcX γβ
γ ,     (II-10) 
yββxβx ˆ)(1
2
2 ⋅⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′′−′′⋅′−+′= tcX γβ
γ ,     (II-11) 
zββxβx ˆ)(1
2
3 ⋅⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′′−′′⋅′−+′= tcX γβ
γ ,     (II-12) 
)(4 xβ ′⋅′−′== tcctX γ ,       (II-13) 
 
where , y , and  are, respectively, the unit vectors of three frame’s axes. xˆ ˆ zˆ
From Eqs. (II-10)-(II-13), we obtain 
 
xx ββtc
X
X
X γγ =′−=′∂
∂=′∂
∂
)(
1
4
1
,       (II-14) 
yy ββtc
X
X
X γγ =′−=′∂
∂=′∂
∂
)(
2
4
2
,       (II-15) 
zz ββtc
X
X
X γγ =′−=′∂
∂=′∂
∂
)(
3
4
3
,       (II-16) 
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γ=′∂
∂=′∂
∂
)(
4
4
4
tc
X
X
X .        (II-17) 
The above Eqs. (II-14)-(II-17) can be simply written as ),(4 γγµ β=′∂∂ XX , which is a four-vector. 
Inserting Eqs. (II-14)-(II-17) into Eq. (II-8), we obtain the Gordon-metric matrix 
 
⎟⎟
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜⎜
⎜
⎝
⎛
′−−
⎟⎟
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜⎜
⎜
⎝
⎛
−
−
−
=Γ
1
)1(
1000
0100
0010
0001
2
2
2
22
zyx
zzyzxz
yzyyxy
xzxyxx
dn
βββ
ββββββ
ββββββ
ββββββ
γµν .   (II-18) 
 
By setting ),(4 γγµµ β=′∂∂= XXB , both Eq. (II-8) and Eq. (II-18) can be re-written as  
 
νµµνµν BBng d )1(
2′−−=Γ .       (II-19) 
 
Obviously, the above derivations are reversible. 
 
For the medium moving only along the x-direction ( 0, === zyx ββββ ), we have a simplified Gordon metric, 
given by 
⎟⎟
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜⎜
⎜
⎝
⎛
′−−′−−
−
−
′−−′−−−
=Γ
2222
22222
)1(100)1(
0100
0010
)1(00)1(1
γβγ
βγβγ
µν
dd
dd
nn
nn
.     (II-20) 
 
Note: Because the definitions of Minkowski metric and the wave four-vector are different from those used in 
RRO-paper (http://arxiv.org/abs/1103.1654), there are some differences in component orders and c-factor in Eq. 
(II-20), compared with Eq. (A9) of RRO-paper.  
 
Conclusion: The Minkowski-metric dispersion relation Eq. (II-1) or Eq. (8) in Sec. II is equivalent to the Gordon-
optical-metric dispersion relation Eq. (II-9), or Eq. (A7) given in RRO-paper (http://arxiv.org/abs/1103.1654).  
However, it is interesting to point out that, this Minkowski-metric dispersion relation has never been realized in the 
community although its derivation is so simple and straightforward. 
 
Derivation summary. The derivation for the equivalence of Gordon-metric and Minkowski-metric dispersion 
equations can be summarized as follow: 
 
0)( =′′− νµνµµν KKKKg  (Minkowski-metric dispersion relation)    (II-21) 
⇔ =′′= νµµννµµν KKgKKg 242
2
2 ))(1()1( Kn
c
n dd ′′−=⎟⎠
⎞⎜⎝
⎛ ′′− ω  
2
4
2 )1( ⎟⎟⎠
⎞⎜⎜⎝
⎛
′∂
∂′−= µ
µ
K
X
Xnd  
22 ))(1( µ
µ KBnd′−=  
νµ
νµ KKBBnd )1(
2′−=      (II-22) 
 
⇔ [ ] 0)1( 2 =′−− νµνµµν KKBBng d         (II-23) 
 
⇔ 0=Γ νµµν KK   (Gordon-metric dispersion relation) 
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Namely 
 
0)( =′′− νµνµµν KKKKg   .      (II-24) ⇔ 0=Γ νµµν KK
 
Comparison of dispersion equations. What difference between  and ? 0)( =′′− νµνµµν KKKKg 0=Γ νµµν KK
 
(1) Minkowski’s:  0)( =′′− νµνµµν KKKKg
 
)1()1( 2
2
2
2
dd nc
n
c
′−⎟⎠
⎞⎜⎝
⎛ ′=−⎟⎠
⎞⎜⎝
⎛⇒ ωω  
(i) if using Doppler-condition ⎟⎠
⎞⎜⎝
⎛ ′⋅′′−′= βkdncc
ωγω ,  
 
)1()1( 2
2
2
2
ddd nc
nn
c
′−⎟⎠
⎞⎜⎝
⎛ ′=−⎥⎦
⎤⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛ ′⋅′′−′⇒ ωωγ βk  
 
)ˆ1(
)ˆ1()1( 222
βn
βn
′⋅′′−
′⋅′′−+−′=⇒
d
dd
d n
nn
n γ
γ
 [ 0>′ω  assumed; see Eq. (9)].  (II-25-1) 
 
(ii) if using Doppler-condition ⎟⎠
⎞⎜⎝
⎛ ⋅−=′ βkdncc
ωγω ,  
 
)1()1( 2
2
2
2
ddd nnc
n
c
′−⎥⎦
⎤⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛ ⋅−=−⎟⎠
⎞⎜⎝
⎛⇒ βkωγω  
 
)ˆ1(
)ˆ1()1( 222
βn
βn
⋅
⋅+−=′⇒
d
dd
d n
nn
n m
m
γ
γ
  with .  (II-25-2) 
⎩⎨
⎧
<→+
>→−
0sign   
0sign  
ω
ω
 
(2) Gordon’s: 0=Γ νµµν KK )1()1( 2
2
4
2
2
dd nKX
Xn
c
KKg ′−⎟⎟⎠
⎞⎜⎜⎝
⎛
′∂
∂=′−⎟⎠
⎞⎜⎝
⎛ ′=⇔ µ
µ
νµ
µν ω  from Eq. (II-22) 
)1()1( 2
2
4
2
2
dd nKX
Xn
c
′−⎟⎟⎠
⎞⎜⎜⎝
⎛
′∂
∂=−⎟⎠
⎞⎜⎝
⎛⇒ µ
µω  
 
)1()1( 2
2
2
2
ddd nnc
n
c
′−⎥⎦
⎤⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛ ⋅−=−⎟⎠
⎞⎜⎝
⎛⇒ βkωγω  since ⎟⎠
⎞⎜⎝
⎛ ⋅−=′=′∂
∂ βkdnccKX
X ωγωµ
µ
4
, Doppler-condition 
 
)ˆ1(
)ˆ1()1( 222
βn
βn
⋅
⋅+−=′⇒
d
dd
d n
nn
n m
m
γ
γ
  with .   (II-26) 
⎩⎨
⎧
<→+
>→−
0sign   
0sign  
ω
ω
 
From above, we see that νµνµg  itself does not include Doppler-condition, while νµ  
has already included a specific Doppler-condition.  Eq. (II-26) and Eq. (II-25-2) are the same because the same 
Doppler-condition is included. 
0)( =′′−µν KKKK µν KK
µν KK
0=Γ
 
0=Γ νµ  looks simple, but one has to do much more calculations to get the specific dispersion relation from 
 given in Eq. (II-18). µνΓ
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Attachment-III.  Is a tensor form of physical law guaranteed to be  
its compatibility with special principle of relativity? 
 
It is well recognized in the community that all physical laws expressed in a tensor form are guaranteed to be 
compatible with the principle of relativity.  However, this “common sense” is challenged by the light particle 
(photon) 4-velocity vector (first-rank tensor) in a moving medium, which is widely presented in electrodynamics 
textbooks and literature to illustrate relativistic velocity addition rule through Fizeau experiment.  [For example, see: 
W. Pauli, Theory of relativity, (Pergamon Press, London, 1958), Eq. (14), p. 18, Sec. 6.]  As shown below, this light 
particle 4-velocity is not compatible with the relativity principle, because the obtained light particle velocity 
observed in the lab frame does not has the same direction as the light wave vector has, unless the medium moves 
parallel to the wave vector (the Fizeau-experiment case). 
Suppose that the light particle 4-velocity in the medium-rest frame is given by ltlt , where ),( cU u′′=′ γµ
dlt nc ′=′u  is the dielectric light speed, with dn′  the refractive index, c the light speed in free space, 2/122 )1( −′−=′ cltlt , and ltνµµν .  Observed in the medium-rest frame, ltu  has the same 
direction as the wave vector 
uγ lt =′−′=′′ uγ 2222 )( ccUUg ′
nkk ˆ)( ′′′=′′ ddn  has, namely n nnuu ˆˆ ′′=′′=′ dltlt .  From the Lorentz transformation 
given by Eqs. (1) and (2) in Sec. II, we obtain the light particle velocity  in the lab frame, given through  
nc
ltu
)()(1)( 2 cltltltltltltlt γγγβ
γγγ ′′−′′′⋅′−+′′= ββuβuu , with 2/122 )1( −−= cltlt uγ .  (III-1) 
)]([ ltltltlt cc uβ ′′⋅′−′= γγγγ .        (III-2) 
From above Eq. (III-1) and Eq. (7) in Sec. II, we have 
βunβnuu ′⎥⎦
⎤⎢⎣
⎡ ′−′′′⋅′−+′′′= )())(ˆ(1ˆ)( 2 cltltltltltltlt γγγβ
γγγ ,    (III-3) 
βknβnkk ′⎥⎦
⎤⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛ ′−′′′⋅′−+′′′=
c
nnn ddd
ωγβ
γ ))(ˆ(1ˆ)(
2
.     (III-4) 
If  (including ) is valid, observed in the lab frame, the light particle velocity is apparently parallel to the 
wave vector or .  If n  and  are linearly independent (
nβ ˆ// ′′ 0=′β
)//( ku dlt n ˆ ′ β′ nβ ˆ// ′′ not hold), a sufficient and necessary 
condition for  is that their coefficient determinant is equal to zero, namely  )//( ku dlt n
 
0
))(ˆ(1
)())(ˆ(1
2
2
=
⎟⎠
⎞⎜⎝
⎛ ′−′′′⋅′−′′
′−′′′⋅′−′′
c
nn
c
dd
ltltltltlt
ωγβ
γ
γγγβ
γγ
knβk
unβu
.      (III-5) 
 
Using dlt nc ′=′u  and cω′=′k , we have 
γβ
γ
γ
γγγβ
γ
d
ltlt
ltltlt
n
c
′−′⋅′−=′′
′−′′′⋅′−
)ˆ(1
)())(ˆ(1
2
2
nβ
u
unβ
,     (III-6) 
dd
d
nn
c
n
′−′⋅′
−=′′
⎟⎠
⎞⎜⎝
⎛ ′−′′′⋅′− γ
β
γ
ωγβ
γ
)ˆ(1
))(ˆ(1
2
2
nβ
k
knβ
.     (III-7) 
Since the sufficient and necessary condition for the holding of Eq. (III-5) is the holding of Eq. (III-6) = Eq. (III-7), 
we have 
d
d n
n ′−′⋅′
−=′−′⋅′− γβ
γγβ
γ )ˆ(1)ˆ(1
22
nβnβ ,      (III-8) 
or 
1=′dn .          (III-9) 
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From above it follows that, when n  and ˆ ′ β′  are linearly independent, the sufficient and necessary condition for 
 is  (vacuum). )//( ku dlt n 1=′dn
Thus the above analysis can be outlined as follows: 
(1) If  (including ) is valid, then  holds. nβ ˆ// ′′ 0=′β )//( ku dlt n
(2) If n  and  are linearly independent, then  cannot hold except for in free space ( ). ˆ ′ β′ )//( ku dlt n 1=′dn
According to the principle of relativity, the light velocity must be parallel to the wave vector observed in any 
inertial frames.  However the light particle velocity ltu  given by the 4-velocity ltlt
µ  cannot meet the 
criterion.  Therefore, the light 4-velocity in a moving medium, which follows Lorentz transformation as a Lorentz 
covariant first-rank tensor, is not compatible with the principle of relativity. 
),( cU uγ=
The light particle velocity can be expressed in terms of the medium moving velocity  and the unit wave 
vector  in the medium-rest frame, given by   
ββ ′−=
nˆ′
)ˆ(
ˆ
1
ˆ
2
βn
ββnnu ⋅′+′⎥⎦
⎤⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′+⋅′++′= ddlt n
cn γγγ
γ ,   (light particle),  (III-10) 
while the light wave velocity (phase velocity) cphph βv =  defined by Eq. (10-1) in Sec. II is given by 
222
2
)ˆ1()1(
)ˆ1(ˆ
1
ˆ
βn
βnββnnv ⋅′′++−′
⋅′′+′
⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
′+⋅′++′= dd
dd
d
ph nn
cnn
n γ
γγ
γ
γ ,  (light wave).  (III-11) 
When 1<<β , the above two velocity formulas can be approximated as  
c
nn
c
dd
lt βnβnu +′⎥⎦
⎤⎢⎣
⎡ ⋅′′−′≈ ˆ)ˆ(
11 ,   (light particle),    (III-12) 
c
nn
n
n
c
dd
d
d
ph βnβnv 2
1ˆ)ˆ(21 ′+′⎥⎥⎦
⎤
⎢⎢⎣
⎡ ⋅′⎟⎟⎠
⎞
⎜⎜⎝
⎛
′−′+′≈ , (light wave).    (III-13) 
From above, we also can see that the results given by the two formulas are the same only when the medium 
moves parallel to the wave vector ( , Fizeau-experiment case) or in free space ( d ).  Note: (i) dph  
always holds including the d  (vacuum) case, according to the definition of phase velocity, Eq. (10-1) in Sec. II, 
and (ii) when dn  (vacuum), lt
nβ ′ˆ// 1=′n n
n
)//( kv
1=′
1=′ ∞→γ  and  has no meaning mathematically, but  given by Eq. 
(III-10) is still valid, which is a limit case. 
),( cU ltlt uγµ = ltu
Remarks.  The basic requirements of the special principle of relativity on electrodynamics are (i) time-space 
coordinates  follow Lorentz transformation, and (ii) Maxwell equations ),( ctX x=µ
 
)0,()(   
)(
)( 0B,
t
BE =⎟⎟⎠
⎞
⎜⎜⎝
⎛ ⋅∇∂
∂−×∇− c
c
c ,  or  0~ =∂ µνµ F ,   (III-14) 
 
),()(   
)(
)( ρcc
c
c JD,
t
DH =⎟⎟⎠
⎞
⎜⎜⎝
⎛ ⋅∇∂
∂−×∇ ,  or  ,   (III-15) νµνµ JG =∂
 
are invariant in form under Lorentz transformations, where µνF~  and  are required to be second-rank Lorentz 
tensors, given by 
µνG
 
⎟⎟
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜⎜
⎜
⎝
⎛
−−−
−
−
−
=
0
0
0
0
~
zyx
zxy
yxz
xyz
cBcBcB
cBEE
cBEE
cBEE
F µν ,      (III-16) 
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⎟⎟
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜⎜
⎜
⎝
⎛
−−−
−
−
−
=
0
0
0
0
cDcDcD
cDHH
cDHH
cDHH
G
zyx
zxy
yxz
xyz
µν .      (III-17) 
 
We call the above two requirements master physical laws of electrodynamics, and call all others sub-physical 
laws.  All sub-laws must be self-consistent with the master laws; for example, the Lorentz invariance of phase and 
the covariance of wave 4-vector are the direct results from the master laws, and they are intrinsically compatible 
with the principle of relativity.  Required by the physical property of light momentum and the master physical laws, 
photon or wave phase velocity has two conditions to be imposed: (i) it should be parallel to the wave vector 
observed in any inertial frames (qualitative condition), and (ii) it should satisfy the equation of motion of equi-phase 
plane resulting from invariance of phase (quantitative condition).  However the light particle 4-velocity Eq. (III-10) 
is generalized from the 4-velocity for massive particles, which is not required to be parallel to the wave vector; thus 
it is not surprising for the light particle 4-velocity not to be compatible with the principle of relativity.  Since all sub-
physical laws are required to be consistent with the master laws, sometimes it is not imperative to express the sub-
laws in a Lorentz 4-vector or tensor form; for example, the wave phase velocity defined by Eq. (10-1) or Eq. (10-2) 
in Sec. II is an invariant expression observed in all inertial frames, but it is not a tensor-form invariant expression.   
Since the wave 4-vector is given by ),()() ,( 22 dphddK , the phase velocity ncccncn βk ωωµ ==
nβ ˆ ))(( ωωdph  may be taken to be defined by the wave 4-vector if compared in form with the massive 
particle 4-velocity definition u
ncc =
u ),( cγ , with phβ  as the “space component” of µc K  (although they are not the same 
dimension).  Just because of this, Eq. (10-2) in Sec. II has an invariant form observed in all inertial frames.   
Mathematically speaking, two linearly-related non-zero 4-vectors, which are parallel observed in any inertial 
frames, are different by a Lorentz invariant.  However the factor 2)( cnd  in ω ),()( 22 dphdµ  is not a 
Lorentz invariant, and 
ncccnK βω=
),( 2dph  cannot be a “phase velocity 4-vector”.  In contrast, the photon 4-momentum µ nccβKh , which is parallel to µK , is a 4-vector because the Planck constant h  is a Lorentz invariant. 
It should be emphasized that the phase-velocity definition Eq. (10-2) in Sec. II is invariant in form under the 
master laws of electrodynamics, but it is not an invariant expression in a tensor form.  An invariant expression in a 
tensor form for the “phase velocity 4-vector” should have been defined in terms of 0== νµµννµ  
or ltdlt
µν τ UKgddXKg
n uk 0)( =⋅−ωγ  resulting from the invariance of phase µνdΨ , where the “phase 
velocity 4-vector” ltlt  is right the light particle 4-velocity given in Eqs. (III-1) and (III-2).  Since 
 does not always hold in all frames as mentioned previously, both ltlt
µ  and 
ltdltµν  are not compatible with the principle of relativity although they are both invariant 
expressions in a (first-rank) tensor form. 
νµω XKgnt =⋅−= )( xk
uγµ =
uγ=
nUKg ukωγνµ
uγµ =
),( cU
)//( ku dlt n ),( cU
0)( =⋅−=
From above discussions, we can conclude:  
(1) A tensor form of physical law is no guarantee of its compatibility with the principle of relativity; 
(2) All sub-physical laws must have invariant forms observed in all inertial frames and be compatible with 
the master physical laws, but the sub-physical laws do not have to be expressed in a tensor form. 
Photon’s apparent velocity.  As mentioned above, it is not compatible with the principle of relativity if 
 is take as the “light particle (photon) 4-velocity” or “4-phase velocity”, but analysis indicates that 
ltlt  is the photon’s apparent 4-vector, which is shown below.  (Note:  is replaced by u  in the 
following.) 
),( cU ltlt uγµ =
),( cU ltu
Note: xk ⋅−=Ψ dntω 0=⋅−⇒ dtdnd xkω .  Inserting the definitions nkk ˆ dd nn ≡ , nk ˆ)β ( nc ω≡ dph , and 
dtdxu ≡ , we obtain , where u  is termed to be the photon’s apparent velocity in the lab frame 
(confer Fig. 2 in Sec. II).  In the medium-rest frame, 
nunβ ˆ)ˆ( ⋅=cph
nβu ˆ)( ′′=′=′ dph ncc  is assumed. 
From Eq. (III-10), we have  
)ˆ(
ˆ1ˆ
2 βn
ββnnu ′⋅′−′⎥⎥⎦
⎤
⎢⎢⎣
⎡ ′⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′−′⋅′−+′=
d
d n
cn γγβ
γ .        (III-18) 
From Eq. (20) in Sec. IV, we have 
)(1ˆ)ˆ1( 2 EββnEβnE ′⋅′⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′−−′′+′′⋅′′−= β
γγγ dd nn ,       (III-19) 
)(1ˆ)ˆ1( 2 HββnHβnH ′⋅′⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′−−′′+′′⋅′′−= β
γγγ dd nn .        (III-20) 
From above, we obtain 
 22
)()ˆ(1ˆ)ˆ1( 2 EDββnnβnHE ′⋅′⎟⎟⎠
⎞
⎜⎜⎝
⎛
′⎥⎥⎦
⎤
⎢⎢⎣
⎡ ′⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′−′⋅′−+′′⋅′′−=×
d
dd n
cnn γβ
γγ .    (III-21) 
From Eq. (31) in Sec. IV, we have 
EDβnβnED ′⋅′⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′⋅′′−′⋅′′−=⋅ ˆ
11)ˆ1(2
d
d n
nγ .      (III-22) 
From above Eqs. (III-21) and (III-22), with EDHB ⋅=⋅  considered, we have  
 
)ˆ(
)ˆ(1ˆ
)(5.0 2 βn
ββnn
ED
HE
HBED
HE
′⋅′−′⎥⎥⎦
⎤
⎢⎢⎣
⎡ ′⎟⎟⎠
⎞
⎜⎜⎝
⎛ ′−′⋅′−+′=⋅
×=⋅+⋅
×
d
d n
cn γγβ
γ .   (III-23) 
 
Comparing above Eq. (III-23) with Eq. (III-18), we have  
 
emW
S
HBED
HEu =⋅+⋅
×=
)(5.0
,        (III-24) 
 
namely, the photon’s apparent velocity is equal to the “energy velocity emWS ”. 
 
 
 
 
Attachment-IV.  A mathematical example 
 
Some scientists firmly claim that  
“…it is a well known result that even if µT  is not a vector, its integral over space (in each inertial 
frame) ∫ µ  is indeed a Lorentz vector.  This is a consequence of the transformation of the quantities 
(and of the spacelike region where the integral is defined) under Lorentz transformations.  The same happens 
with the integral ∫  corresponding to the total electric charge.  The total charge is a scalar even when 
0
xdT 30
xd 3ρ ρ  
is “only the 0-th component” of the 4-current density .  This is all well known, as can be read for 
instance in Jackson's book [J.D. Jackson, Classical Electrodynamics, (John Wiley & Sons, NJ, 1999) 3rd Ed.], page 555.  For 
more detail see also [S. Weinberg, Gravitation and Cosmology, (Wiley, NY, 1972)], pages 40-41, or [R. U. Sexl and H. K. 
Urbantke, Relativity, Groups, Particles, (Springer-Verlag Wien, NY, 1992)], pages 106-107.” 
),( Jρµ cJ =
First, it should be indicated that there is no such “a well known result” in the reference books cited above.  In this 
attachment, a specific math example is constructed to show the above claim is not correct.   
Suppose that ZYX ′′′  frame moves at cβ  with respect to the lab frame XYZ  in the x-direction.  The time-space 
Lorentz transformation is given by 
)( ctxx βγ −=′ , , yy =′ zz =′ , )( xcttc βγ −=′ .      (IV-1) 
We label , ,1Xx ′=′ 2Xy ′=′ 3Xz ′=′ , and , and we have  4Xtc ′=′
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, or  .  (IV-2) 
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The metric tensor is given by , and  with .  Obviously, λνν  is also a tensor. 
)1,1,1,1( +−−−== diaggg µνµν νλµλµν ggg = )1,1,1,1(diagg =νµ
µλµ
If 
ggg =
µA′  and µ , and A′ µA  and µ  are, respectively, contra- and co-variant expressions in A ZYX ′′′  and XYZ  frames 
for an arbitrary 4-vector, then their Lorentz transformations are given by 
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Now let us construct a symmetric second-rank tensor, given by in ZYX ′′′  frame 
)(x′=′ δµνµν gT , with )()()()( zyx ′′′=′ δδδδ x  the delta-function,     (IV-4) 
and its co-contra-variant expression is given by 
)(x′=′ δνµνµ gT .          (IV-5) 
We define  
⎟⎟
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜⎜
⎜
⎝
⎛
=′′′′=′′=′′=′ ∫∫∫∫∫∫∫∫∫
1
0
0
0
)()(
space  all
444 zdydxdgVdgVdTP xx δδ µµµµ .    (IV-6) 
Note: T  in the Letter by Ramos, Rubilar, and Obukhov [Phys. Lett. A 375, 1703 (2011)] corresponds to T  here. 
µν ν
0
µ µ
Obviously,  and µ  are the same under Lorentz transformations, and we have the corresponding expressions 
in the 
′ ′4
g g
XYZ  frame, given by 
)(x′= δµνµν gT ,    ,       (IV-7) )(x′= δνµνµ gT
where  
)()()(1)()()]([)( zyctxzyctx δδβδγδδβγδδ −=−=′x .     (IV-8) 
Thus we have 
⎟⎟
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜⎜
⎜
⎝
⎛
=−=′== ∫∫∫∫∫∫∫∫∫
1
0
0
0
1)()()(1)(
space  all
444
γδδβδγδ µµµµ dxdydzzyctxgdxdydzgdVTP x .  (IV-9) 
Now let us check if  is a Lorentz covariant 4-vector by checking the relation between  and .   µ
From Eq. (IV-6) and Eq. (IV-9), we have  
P µP′ µP
µµ γPP =′ ,  or  .         (IV-10) ννµµ γ PgP =′
Obviously,  is not equal to the Lorentz transformation given in Eq. (IV-3) unless νµγ g 0=β  ( 1=γ ). 
 
Therefore, we can conclude that there is no such a general math rule for tensors: 
“…even if  is not a vector, its integral over space (in each inertial frame)  is indeed a Lorentz 
vector.” 
0
µT ∫ xdT 30µ
First-rank tensor example.  One well-known example is given below to support our above conclusion. 
Suppose that ZYX ′′′  frame moves uniformly at cβ  with respect to XYZ  frame, and the Lorentz transformation is 
given by )( ctxx βγ −=′ , ,yy =′ zz =′ , and )( xcttc βγ −=′ , with the metric given by 
µν
µν  and the transformation of Dirac function given by .  A unit 
point charge with a density of 
)1,1,1,1( +−−−== diaggg )()( 1 ctβxx −=′ − δγδ
)(x′=′ δρ  rests at 0=′x , and the current density 4-vector is given by  
 
))(,( x0 ′=′ δµ cJ ,    with  ,   (IV-11) )(22 x′=′′ δνµµν cJJg
and we have  
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),( czdydxdJVdJP 0=′′′′=′′=′ ∫∫ µµµ , with  .    (IV-12) 2cPPg =′′ νµµν
Observed in XYZ  frame, we have 
))(),(( xxβ ′′= δγδγµ ccJ ,  with  ,   (IV-13) νµµννµµν δ JJgcJJg ′′=′= )(22 x
),( ccdVJP β== ∫ µµ ,   with  .   (IV-14) νµµννµµν β PPgcPPg ′′≠−= )1( 22
From above it is seen that, although  is a Lorentz covariant 4-vector or a first-rank tensor, after its integration 
over the space, ∫  is not Lorentz covariant any more, because its “4D-length square”, νµ  does not keep 
invariant under the Lorentz transformation. 
µJ
dVJ µ µν PPg
 
Can the Lorentz invariance of total charge be taken as a general math rule for tensors?  According to the 
textbooks [S. Weinberg, Gravitation and Cosmology, (Wiley, NY, 1972), pages 40-41; J. D. Jackson, Classical 
Electrodynamics, (John Wiley & Sons, NJ, 1999), 3rd Ed., page 555], the current density satisfies the continuity 
equation 0=∂∂+⋅∇ tρJ , or  satisfies the invariant conservation equation µ  in the 
Minkowski space with the metric = diag(-1,-1,-1,+1);  is a Lorentz invariant. 
),( ρµ cJ J= 0=∂ µJ
µν
The above-mentioned Weinberg’s book has a specific statement on p. 40:  
µν gg = ∫∫ == xdcxdJcQ 334 ρ
Whenever any current  satisfies the invariant conservation law , we can form a total 
charge 
),( ρµ cJ J= 0=∂ µµ J∫∫ == xdxdcJQ 334 )( ρ  (which is a Lorentz invariant). 
From the above statement, one might conjecture that a “general conclusion” can be obtained:  
Whenever any 4-vector  satisfies the invariant conservation law , we can form a 
quantity , which is a Lorentz invariant.   
),( 4AA A=µ 0=∂ µµ A∫ xdA 34 )(
Unfortunately, this conjectured “general conclusion” is not correct, because the current density  is a 
special kind of 4-vector, instead of a general 4-vector.  For a current density, in addition to µ , a necessary 
condition 
),( ρµ cJ J=
0=∂ µJ
1<ρcJ  must hold, for example.  Below, a specific math example is constructed to illustrate that the 
above conjectured “general conclusion” is indeed not correct.   
Suppose that ZYX ′′′  frame moves at cβ  with respect to the lab frame XYZ  along the x-direction.  Observed in 
the moving frame ZYX ′′′ , we define a 4-vector , with ),( 4AA ′′=′ Aµ 0>=′ constAx , 0=′=′ z  and , and y AA 04 =′A
14 >+∞=′′ AA , violating the current-density condition 1<ρcJ .  Note that ∂  is satisfied.  We have 
. 
0=′′ µµ A
034 =∫ ′′ xdA
Observed in the lab frame XYZ , from the Lorentz transformation we have , with 
xx
),( 4AA A=µ
0>=′= constAA γ , z , and , and 0==y AA 04 >=′= constAA xγβ 114 >= βAA , keeping violating the current-
density condition 1<ρcJ A.  Note that µ  still holds, but 0=∂ µ ∞=∫=∫ ′ xdAxdA x 334 )(γβ .  Thus we have 
, which is not a Lorentz invariant.   ∫
Therefore, the Lorentz invariance of total charge cannot be taken as a general math rule for tensors. 
≠∫ ′′ xdAxdA 3434
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